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1. Introduction

This paper studies discrete two-generator subgroups of automorphism groups of locally finite trees, especially when
torsion is present. For the trivalent tree, we identify a small-geometry condition under which the group admits an
isomorphism-level classification. Beyond this regime, we pass to the coarser characterization by reduced underlying
graphs and construct infinite families realizing the admissible graph types.

In the classical setting, related questions arise in the study of Fuchsian groups. One such question asks when a given
generating set in PSL(2, R) yields a discrete subgroup. In the two-generator case, Rosenberger [18] obtained algebraic
criteria and classification results for discrete groups I' = (A, B), while Gilman [11] developed a geometric treatment in
terms of axes, translation lengths, and elliptic rotation angles. Another is the constructive membership problem: given
an element of PSL(2, R), decide whether it can be expressed as a word in the given generators. Based on Rosenberger’s
and Gilman’s work, Kirschmer and Riither proposed an algorithm for solving the constructive membership problem for
two-generator Fuchsian groups [14].

A central tool in Gilman’s approach is a reduction procedure based on Nielsen transformations. For a hyperbolic
pair with intersecting axes, the procedure transforms the generating pair either into a Schottky pair or into one of the
intertwining cases. Historically, this technique originates in Nielsen’s study of generating sets of free groups [17] and
was subsequently extended to the theory of free products through work of Grushko [13] and Kurosh [15].

The same reduction philosophy was later applied to the non-archimedean and tree settings. For hyperbolic pairs
A, B € PSL(2, K) over a non-archimedean local field K, Conder introduced a similar Nielsen-move algorithm,
producing either a Schottky pair or an elliptic-hyperbolic pair [4]. More recent work of Conder and Schillewaert [6]
included elliptic generators as well and obtained a partial classification analogous to the classical hyperbolic case. If p
is the residue characteristic of K, their classification applies under the condition that no element of I" has order p; in
particular, it is complete when K = Q,,.

Nielsen methods were also developed directly for groups acting on simplicial trees. Weidmann [20] used Nielsen
transformations to analyze finite generating sets of such groups, relating the geometry of the generators to free-product
decompositions and intersection phenomena in the tree. Conder [5] generalized this Nielsen-move approach to Aut(X)
for groups with 2 or 3 generators, and Markowitz [16] later presented the algorithm for finite generating sets in general.
Our earlier work [10] focuses on the two-generator case and provides a finer characterization of when a generating pair
(A, B) is discrete and free, based on geometric quantities such as the translation lengths of the generators and the length
of the intersection of their axes. We also computed the corresponding geometric quantities for the resulting equivalent
pair, whether it is Schottky or elliptic-hyperbolic.

As implied in [10], particular geometric quantities will result in elliptic-hyperbolic generating pairs of Aut(X),
coming with new quantities of hyperbolic translation lengths and characteristic set intersection lengths. The following
question thus natural appear:
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Two-Generator Discrete Subgroups of Tree Automorphism Groups

Question 1.1. Let A, B € Aut(X) be automorphisms of a locally finite tree X, and assume that I = (A, B) is discrete.
Given the minimal displacements of A and B and the relative position of their characteristic sets, which isomorphism
types can occur for I'?

When elliptic elements are present, the natural framework for Question 1.1 is Bass—Serre theory: after passing to
the minimal I"-invariant subtree, a finitely generated discrete subgroup is represented by a finite graph of finite groups
whose fundamental group is I'[19]. We further restrict to the case where the induced action on this minimal subtree is
faithful, which is standard in, e.g.,[1].

Our study indicates that the answer depends on whether the hyperbolic translation length and the relative position
quantity are small enough. Under a small-geometry assumption, the graph-of-groups decomposition of a two-generator
subgroup is forced to have one of a small number of basic underlying graphs. When the quotient is an edge, the result is
covered by the classical classifications of Djokovi¢-Miller [9] and Goldschmidt [12]. The loop case instead leads us to
consider faithful HNN extensions in which the edge group has index 2 in the vertex group. Accordingly, our first main
result gives a classification of faithful HNN 2-extensions. The resulting family is explicit and resembles the infinite
family of (4, 2)-amalgamated products of dihedral type [8].

Combined with our analysis of generating pairs in the amalgamated-product cases, this yields the list of two-generator
discrete subgroups I' < Aut(X3) satisfying the following conditions:

e The generators g, h € I satisfy small geometric conditions: either both are elliptic with d (T, T,) = 1, or g is elliptic
and h is hyperbolic with d(Tg, Ap)=0and 7(h) < 2.

e The action of I" is faithful on its minimal invariant subtree.

There is also a natural lattice formulation for the faithfulness condition. By Lemma 3.4, if I' < Aut(X3) is a lattice,
then its minimal invariant subtree is X3, so the faithfulness hypothesis above is automatic.

We show that admissible subgroups I" either fall into finitely many amalgamated-product types or belong to a single
explicit family of HNN extensions. In addition, when the generator g is elliptic, its order is restricted to 2, 3,4, 6, 8, or
12.

The preceding classification reaches a natural threshold. Once these small-geometry restrictions are relaxed—for
example, when £(h) > 2, d (Tg, Ap) > 1, or the ambient tree X has vertices of valency at least 4—higher-index
amalgams such as (4, 3)- and (6, 2)-amalgams arise, and the low-index amalgam classifications no longer apply. We
therefore turn to a coarser level of classification, describing these groups by the reduced underlying graphs of their
graph-of-groups decompositions.

For one direction, we determine the conditions under which a finite graph can occur as the reduced underlying
graph of a discrete subgroup with prescribed geometric quantities. In the special case d(T,, Aj,) = 0, this criterion can
be written explicitly. The converse direction is constructive: for every admissible quotient graph, we explicitly construct
faithful two-generator graphs of groups realizing the prescribed translation length #(h) and distance d(T,, Aj,). These
constructions form infinite families with vertex stabilizers of arbitrarily large order.

The paper is organized as follows. In Section 2, we review the Bass—Serre theoretic notions used throughout the
paper. In Section 3, we present our first set of results concerning rigidity for two-generator discrete subgroups of
Aut(X3) with small geometric quantities. In Section 4, we derive restrictions on the minimal quotient graphs of general
two-generator subgroups. Explicit constructions of infinite families of groups are given in Section 5, and in Section 6
we use these constructions to describe the possible reduced graphs.

2. Preliminaries: Graphs of Groups

Throughout this paper, we assume that X is a locally finite tree and that the quotient X /Aut(X) is a finite graph.
Let V(X) and £(X) denote the sets of its vertices and edges, respectively.

A tree automorphism is either an inversion, an elliptic antomorphism, or a hyperbolic automorphism. If g is an
elliptic automorphism, its fixed subset T, C X is a subtree of X. If A is hyperbolic, then the displacement d(v, & - v) is
always strictly positive; it attains a minimum ¢'(h), called its translation length, precisely on a subset A, C X called its
axis, which is a bi-infinite geodesic in X [19].

The total automorphism group Aut(X) is equipped with a topology in which the pointwise stabilizers of finite induced
subtrees form a basis of open neighborhoods of Id ,x). This leads to the notion of discreteness for Aut(X)-subgroups:
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Definition 2.1. A subgroup G < Aut(X) is discrete if there exists a finite tree T C X such that the pointwise stabilizer

In particular, if G < Aut(X) is discrete and finitely generated, then all stabilizer subgroups G, and G, are finite,
and their orders are uniformly bounded.

Unless otherwise specified, whenever we mention a subgroup G < Aut(X) in this paper, we assume that G is
discrete, finitely generated, and inversion-free.

To study the action of a tree automorphism group in an algebraic framework, one introduces the notion of a graph
of groups [7]:

Definition 2.2. A graph of groups (Y, G) consists of the following data:
o A connected and symmetric directed graph Y with vertex set V(Y') and edge set £(Y).
o A family G of groups, including vertex groups G(v) for v € V(Y), and edge groups G(e) for e € E(Y).
e The boundary monomorphisms
log - G(e) = G(a,), 1,4  G(e) > G(w,)
for each edge e € £(Y) and the incident vertices a, and ,.

We regard a graph of groups as a combinatorial generalization of hyperbolic orbifolds. The fundamental group of a
graph of groups is defined analogously:

Definition 2.3. Let (Y, G) be a graph of groups, and fix a spanning tree Y, C Y. Its fundamental group (or amalgam)
m1(Y, G; Yy) is defined as

m (Y, G Yy) = ((*uevm G(U)) * FS(Y)\S(Y0)> / ~

where Fgyy\ E(Yy) IS the free group generated by symbols t, corresponding to (oriented) edges e € E(Y) \ E(Yy), subject
to the relations:

lew(8) = tolo o ()1 .

One shows that this definition is independent of the choice of the spanning tree Y, up to isomorphism. Thus, the
SJundamental group is also denoted by z (Y, G).

In analogy with the manifold setting, one considers the universal covering (or Bass-Serre tree) and fundamental
group of a graph of groups.

Definition 2.4. Let (Y,G) be a graph of groups, and denote its fundamental group by n(Y,G). Define a graph
X = XY, Q), called the Bass-Serre covering tree, whose vertices and edges are cosets:

VX) = {§6() | g € ; (Y. ).v € V(Y)},
and
£(X) = (gG(e)| g € m(Y.G).e € EY)).
Moreover, the incidence is determined as follows:
o Ife € &Yy,
UeG(e) = 8G(a,), 0y = 8G(@,).
o Ife & E(Yp),

agG(e) = gG(“e)? ng(e) = (gte)G(we)
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The resulting graph X is a tree, and is independent of the choice of the spanning tree up to isomorphism. The group
(Y, G) acts on X by left multiplication on cosets.

Definition 2.5. Let X be a tree, and I" < Aut(X) a discrete subgroup. We say that a subset Y of vertices and edges,
together with a family G of groups, is a fundamental domain for I" if the following conditions hold:

o The set Y is I'-transversal, meaning that Y meets each I'-orbit of vertices and each T'-orbit of edges exactly once.
o The maximal subtree Y, C Y contains every vertex in V(Y) and the origin of every edge in £(Y).

o The vertex groups G(v) and edge groups G(e) are the stabilizers I, and ', for v € V(Y) and e € E(Y).

Proposition 2.1. Let X be a tree, I’ < Aut(X) be a discrete subgroup, and (Y, G) be a fundamental domain for I'. By
identifying the unpaired termini of Y-edges with the Y-vertices of the same T-orbit, we identify Y with the quotient
graph Y = X /T" and regard (Y, G) as a graph of groups (Y, G). Moreover:

o The fundamental group 7{(Y, Q) is isomorphic to T
o The natural inclusion j : Y < X extends to an isomorphism from the Bass-Serre covering tree X Y,0) 1o X.
The following examples from [19] are key constructions of graphs of groups used in this paper.

Example 2.1 (Amalgamated Products). Let Y be a line segment, with vertices v*, v~ and edge e. Define a graph of
groups (Y, G) such that G| = G(v'*), G, = G(v™), and H = G(e), where H < G| and lpo- =@ * H S Gyisan
injective homomorphism. Then the fundamental group,

1 (Y,0) 2 Gy xyg Gy := (G| x Gy)/(h~ @(h), h € H)

is an amalgamated free product of G| and G, over H.
Ifboth |G, : H| =nand |G, : H| = m are finite, then the Bass-Serre covering tree of (Y, Q) is an (n, m)-biregular
tree.

Example 2.2 (HNN Extensions). Let Y be a loop, with vertex v and edge e. Define a graph of groups (Y, G) such
that G = G(v) and H = G(e). Both endpoints of e are equal to v, so we can let H < G and 1, , be the identity. Let
low =@ : H < G. Then the fundamental group

m(Y,0) = G #,:= (G = (x))/(p(h) ~ xhx™", h € H),

is called an HNN extension of G. Here, x is a symbol not in G of infinite order, called the stable letter.
If |G : H| = nis finite, then the Bass-Serre covering tree of (Y, Q) is a 2n-regular tree. The stable letter x acts on
the covering tree as a hyperbolic automorphism of translation length £ (x) = 1.

If the quotient Y = X /T by a subgroup I' < Aut(X) is infinite, it is more convenient to consider its action on a
smaller subtree:

Definition 2.6 ([7]). Let I < Aut(X) be a subgroup containing a hyperbolic element. The union of all axes A, of
hyperbolic elements g € I is a subtree of X, called the minimal T'-subtree of X.

The minimal T'-subtree T is the unique minimal subtree preserved by I'. Moreover, if T is finitely generated, the
quotient T /T is a finite graph.

We call Y, = T'/T" the minimal quotient graph for I, and the fundamental domain (Y, I') (as in Definition 2.5) the
minimal quotient graph of groups for T

Intuitively, the minimal I'-subtree is obtained by shrinking all subtrees of X on which I acts trivially relative to their
root vertices. The boundary monomorphisms within such subtrees are bijective and can be reduced without changing
the fundamental group. Bijective boundary monomorphisms may persist in the minimal quotient graph of groups of T,
suggesting that further reductions are possible:

Definition 2.7. Let e be a non-loop edge in a graph of groups (Y, G) and let v{, v, be the incident vertices. If the edge
group G(e) is isomorphic to the vertex group G(v;), we can reduce the graph of groups as follows:
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o Shrink the edge e and merge vertices v; and v, into a single vertex v, with G(v) = G(v,).
o The edges incident to v are those that were incident to either v, or v, before the reduction (excluding e itself).

e For edges incident to v, the new boundary monomorphism is i, , =1, UOI'1 ot For edges incident to v,, the

ey e

new boundary monomorphism s i ,, = 1y ;..
The fundamental group (Y , G) remains unchanged after such a reduction. A graph of groups (Y, G) is called reduced
if it admits no further reductions—that is, if each boundary monomorphism is proper.

ForI" < Aut(X) with a minimal quotient graph of groups (¥, I'), any reduction (Y, §) of (¥, I') that is itself reduced
is called a reduced graph of groups associated with I'. The underlying graph Y is called a reduced graph associated
with I'. When the minimal fundamental domain (Y, G) of a subgroup I' < Aut(X) is itself reduced, we simply say that
the quotient graph Y = T /T" is a reduced quotient of I" when it is unambiguous.

The criterion for faithfulness of the fundamental-group action on the Bass-Serre covering tree follows naturally
from the definition:

Proposition 2.2. Let (Y, G) be a graph of groups, let X = X (Y, G) be its Bass-Serre covering tree, and letI" = n (Y, G)
be its fundamental group. Then the canonical action of " on X is faithful if and only if the following kernel is trivial for
every vertex e € E(Y):

(rGer™ =11},

yer

A graph of groups (Y, §) whose fundamental group does not act faithfully on its covering tree X = X(Y, G) cannot
be realized as a subgroup of Aut(X). Nevertheless, we can understand it as an automorphism subgroup of a larger tree
by adding a descending chain of subgroups. As shown in the following example, this procedure explains the significance
of requiring a faithful action on the minimal tree in the subsequent sections.

Example 2.3 (Finite-by-D_, groups acting non-faithfully on the minimal subtree). Let K be a group with |K| = 2,
k > 0. Let G and H be extensions of K, each of order 2. Every 2-group admits a descending chain of subgroups:

G=G >G> >G>Gy={1}, H=H, >H>>H>H,={l}, |G|=|H|=2"
Consider an amalgamated product:
I'=¢G, G, G, *G, kG, G+ Gxx Hxg H Rt H, *H, H,.

Then T is the fundamental group of a path of groups. From the edge-vertex indices, its Bass-Serre universal covering
tree is contained in a trivalent tree, and the existence of trivial edge groups Gy and H implies that the action on X5 is
Jaithful. Therefore, I is a discrete subgroup of Aut(X3).

On the other hand, the edge reduction of the aforementioned path of groups yields a path of unit length, corresponding
to the fact thatI' = G xx H. Consequently, the minimal I"-subtree is a bi-infinite path, and K is the kernel of the
action of T restricted to this minimal subtree. The group I is isomorphic to a semidirect product K X, D, for some
¢ : D — Out(K).

Following a similar argument, one sees that the HNN extension
['=Gy %G, Gy #q, = %G, G %G G %, |G| =2 ¢ Z - Ouw(G),
is isomorphic to the finite-by-Z group G X, Z and is also a non-faithful discrete subgroup of Aut(X3).

3. Partial Classification of Two-generator Discrete Subgroups of Aut(X5)

This section addresses our first goal in this paper: classifying the isomorphism types of discrete subgroups of
Aut(X5) under certain restrictions. In particular, the small-geometry condition guarantees a graph-of-groups description
with a bounded number of edges. When the graph is an edge with two endpoints, the faithfulness condition allows
classical results by Djokovi¢-Miller [9] and Goldschmidt [12] to play an important role. By contrast, when the graph is
a loop, our main objective requires a classification of faithful 2-HNN extensions, which is detailed in the subsection
below.

We note that this 2-HNN extension result also yields a classification for the (2, 4)-biregular tree X, 4, with the same
small-geometry and faithfulness restrictions.
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3.1. Faithful 2-HNN Extensions
Recall from Proposition 2.2 that an HNN extension G, is faithful if

NuezX"Gx™" = {1},

where x denotes the stable letter. The main result of this subsection is a classification of faithful 2-HNN extensions into
a single infinite family.

Theorem 3.1. Suppose G is a finite group, H < G is a subgroup with |G : H| =2, ¢ : H — G is an injection,
and the HNN extension I = G x, is faithful. Then there exist parametersn > 1,0 < k < Lg] and €(j,1) € {0, 1}
forn—k<j<n-1,k<I1<j—k suchthat ), e(n—k,1) >0, and G is isomorphic to Gn’k’g with the following
presentation:

2
Gn,k,é': <t1""’tn | s

e(j.k) tf(j,j—k)
i 9

[t,-,t,-+j], 0<j<n-—k, [ti,ti+j]ti+k N AP n—k<j<n-1).

In addition, the subgroup H is identified with the subgroup (t, ... ,t,_1), and @ is given by (t;) = t;  fori =1,... ,n—1.
Thereforel’ =T, = :=G

Remark 3.1. Djokovi¢ [8] studied faithful (4,2)-amalgams; besides a finite number of amalgams of A4- and Sy-type,
he showed that the remainder is an infinite family of Dg-type amalgams. We note that the vertex stabilizers of the
HNN extensions in our classification are described in a manner very similar to the edge stabilizers for those Dg-type
(4,2)-amalgams.

nk& *or

Before proving the theorem, we observe a few examples.

Example 3.1. As a basic example, when n = 1 and k = 0, there are no parameters €(j, 1), and we have G = C,,
H = {1}, andT" = C, * Z. This occurs as a two-generator discrete subgroup of PSL(2, Q,) in [6], Theorem A.

Example 3.2. Letn > 3, k =1, en—1,1) = 1, and e(n — 1,1) = 0 for | > 1. Then G = Dg X (Cz)”‘3 and
H,,H, = (Cy)""\. The HNN extension T is generated by the stable letter h = x and an elliptic automorphism
g = t1t,_1. Although the vertex-group orders are arbitrarily large in this subfamily, the generating pair (g, h) satisfies
a uniform geometric condition, namely ord(g) = 2 and ¢ (Tg NA, =1

To proceed to the proof of Theorem 3.1, we begin with a few lemmas:

Lemma 3.1. The group G satisfying the requirements in Theorem 3.1 is a 2-group. In addition, if |G| = 2", then G is
generated by n involutions tq, ... ,t,, for which the HNN isomorphism satisfies @(t;) = t;,1.

Proof. Suppose a group G together with subgroups H,, H, of index 2 and an isomorphism ¢ : H; - H, defines a
faithful HNN extensionI" := G . Then I is the fundamental group of the 2-circuit whose vertex groups and one
edge group are G, while the other edge group is isomorphic to H;; the map ¢ corresponds to the HNN stable letter.
Primitivity requires that G be a finite Aut(X;)-edge stabilizer subgroup, so G is a 2-group.

Inductively define

K0=G, Ki=(p(Hani—l)‘
Then K;,; < K;, and
G : Kipy| <1G 2 Hy|-1G : K, =2IG : K,|.

If K; ;1 = K; # {1}, then @ preserves a non-trivial subgroup of G, contradicting primitivity. Therefore K; ; < K; with
index 2. If |G| = 2", then

(1} =K, <K, ;< <K =H,<Ky=0G.
Let 1, be the generator of K,,_; of order 2. Fori = 1,...,n — 1, define t; = ¢'~"(z,,). It follows that
ti (S Ki—]’ ti ¢ Ki’ i= 1, R (N

implying [(t{, ....t,)| = 2" = |G]|. Since t{, ..., 1, € G, we conclude that G admits the generating set (¢4, ... ,?,) With
o) =ty
O
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From the argument above, we see that

Ki = <ti+1"”’tn>

is a subgroup of G of order 2"~/. For 0 < i < j < n, set
Kij=(tis1s-- 1))

Then K, ; = ¢/~"(K;_j,,) is a subgroup of order 2/~

Lemma 3.2. Every element of G has a unique expression as a product
g=t, ..., 1 <ip <+ <ip <.

Moreover, the group G admits commutator relations

_ e e(l2)  e(li-1)
ot = 10 g Ty

fore(,1),...,el,l —1) € {0,1}.

Proof. First, we show that for any i < j, the commutator
[t;,1;1 € K; j_;.

Indeed, K; ;_; is a normal subgroup of index 2 in both of the following:
K[,j_l < K,»_Lj_l, and K,»’j_l < K[,j.

Since K;_; ;_1K; ; = K;_; ;, K; j_; is also normal in K;_, ;. Consider the quotient groups:

Kiyj-1/Kijo1» Kij/Kijo1 <Koy ;j/Kj-y-

The first two are isomorphic to C, and generated by [#;] and [¢ il these elements generate the latter group, which is of
order 4. Therefore [¢;] and [tj] commute in Ki_l’j/Kl-’j_l, so [t;, tj] € K,-‘j_l.

This fact implies that [7;,7;] is a product of certain letters from 7, ; through 7;_;. Since each ¢; is an involution, this
allows each element g € G to be expressed as a product of ¢;’s with increasing indices. Since there are 2" such words

and |G| = 2", the expressions are unique. Such expressions allow the relators to take the form described in the lemma.
p q p
O

Proof of Theorem 3.1. We will prove by induction that the relators of such a group satisfy the presentation in Theorem
3.1. The base case is clear: for orders 2! and 22, G = C, and G = V are the only eligible groups.

For convenience, we assume that the theorem holds for groups of order 2”~!, and we prove the case |G| = 2" under
this assumption. By Lemma 3.1, the subgroups H; = (t{,...,t,_;) and H, = (t,, ..., t,) < G satisfy the hypotheses of
the theorem. Thus, we can assume that there exists 0 < ky < "3;1 such that 7; and 7;, ; commute for any j < n —2 — k,
andforn—1—-ky<I<n-2,

_ k) elld—k)
i tintd =tk -ty >

where 3, e(n — 1 = ko, j) > 0. Set

k., = max( min k), k_ = max(/ — max k).
+ ! (e(l,k)=1 ) I ( el k)=1 )

The induction hypothesis implies that k, k_ > k, while the case |G| = 2" further requires that k_, k_ > ky + 1.
Suppose that k, = k; then there exists [, > n — 1 — k, such that

2
1t ="ty ...t
)" =t -t
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withk0+1=k/l s---sk;sl—k0+1.
Now, since H, is a normal subgroup of G, consider the automorphism

v :H = H, tet,,
The induction hypothesis implies that y(;) = ¢; for j > ko + 2, and

e(n—j.n=j=ko)
n—kq

_ ., e(n—j.kg)
Wit =10

s

for j =2,..., ko + 1. In particular, the fact that ), e(n — 1 — kg, 1) > 0 in the definition of k( implies that [Fga151al 18
non-trivial; equivalently,

Wt+1) =ttty - Tk, # Tigrs

Wlth2k0+lsk1 < ee <k[- Sn_koandiz 1.
Combining the facts above, we obtain:
W) = WEDw ) = w07
=Y (tkgaliy - te) = WDty - 1
2

Flrgriti - i = (g 41)"
While the induction hypothesis does not allow y(¢;) to fit into the pattern, Lemma 3.2 guarantees that ¢,y (#;) can
be expressed as a word in the letters ¢, ... ,#,_; in ascending order. If #;y(¢;) is a word involving only the letters

. . . . . 2 _ 2 . .
Thgtls -+ ,t,?_l, then the commutativity of Tyt with 7,y (¢;) implies that (u/(tl)t,OH) = (tlt,0+1) , a contradiction.
Therefore, if we let

m= min
e(n—1,k)=1

s

then m < ko — 1, thatis, m + n — kg < n — 1. The commutator [#y,1,,,,_,] can be expressed as a word in the letters

Tigt1o -+ s Tnmkeg—1-
0 0
If this word expression of [#y,1,,,_4 ] does not contain 7, then it is fixed by the automorphism y. The element

mtn—ky is also in this fixed-point subgroup:

(1 tngniy] = W1 Lty D = W D W i) = W ()5 i 1
By assumption, y(t;) = 17,41 [[j5ms1 t;i"l_l’j), and t,,,,_, commutes with every such#; ;as j+12m+2. Asa
result,

[tm+l’ tm+n—k0] =1,

contradicting the fact that ), e(n — 1 — kg, 1) > 0.
If 7, 41 appears in the commutator [#1,7,,,,_; 1, we need a further lemma:

Lemma 3.3. In the setting above, we have e(n — kg — 1,n — 2k — 1) = 0. That is, 1,_;,  does not appear as a letter in
the word expression of 1//(tk0 i)

Proof. Since 1| commutes with #; ., we have
[y (), W(tk0+1)] = W([t1,tk0+1]) = 1.

If 7,_, appears in the word expression of y(#; ), then any other factor lies between 7 . and ¢
the center of H; = (t|, ...,,_;) and therefore commutes with y(¢;). Therefore,

n—k,—1- hence lies in

W) 1] = 1.

However, every factor in /() except for #, itself commutes with 7, , implying [z,
definition of k.

a—k-] = 1, which contradicts the
0

O
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Returning to the proof of Theorem 3.1. Since 7 .| appears in [7y,7,,,,_; 1, a slightly different relation holds:
W) tngniy] = W Lgniy D = Teg 1 W g D1 B -
As in the previous case, the fact that7,,,,_, commutes with every factor in /(1) except for 7| and 7, implies
15 Btk ) = (1l W (111

However, Lemma 3.3 implies that the index of each letter in the word expression of y(7; 1) is strictly less than n — k,
s0 y(1y, 1) commutes with 7;. Hence,

s 15 tman—ig) = Tega1¥ Urge) = [T 15145

or
n—2ko—1 n—2ky—1

H [£O—ko=Li) _ H (£—ko=1.1)

m+1+j - ko+1+j ’
Jj=ko J=ko

which contradicts the definition of k, the fact that m < k), and the unique ascending-letter expression of elements in G.
This shows that k. > kq + 1. A similar argument for the 7;-conjugation automorphism on H, implies that k_ > kq + 1.

It remains to show that the commutator [¢,,7,] = (¢,1,)> also fits the pattern of the other commutators; that is, it is a
word in ascending letters among . ., through7,_, ;. As mentioned earlier, Lemma 3.2 implies that [¢,,7,] is a word
in letters from #, to ¢,_;.

First, suppose the word expression of [#1,7,] contains letters from 7, to 7 . In the definition of m = min,_y j)—; k
above, this implies m < kq — 1. The fact that k. > k, + 1 implies that the word expression of [#,7,,,,_4 ] does not
contain the letter 7, ., leading to the same contradiction, namely that [7,,,,%,,,,_,] = 1. Therefore, [t,,7,] does not
contain letters from 7, to 7, , and similarly, it does not contain letters from#,_; ,, to?,_;.

Now suppose [}, ,] contains the letter Tkgt1s that is,

n—kg

w(ty) =t w,
for some word w in letters with indices > k( + 2 and < n. Since conjugation by ¢, namely y, has order 2, we have
1= vl (1) = W)Wt D W) = 11w w'w,

where w' = tky+1¥ (1) 41) 1s non-identity by the definition of k(. Now, the fact that the word w has indices between
ko +2 and n — 1 implies that w? = 1 and [w, lgor1] = 1,80

1=ty wi w'w=ww'w = w =w =1,

a contradiction. Similarly, 7, _; is not in the word expression of [#1,7,], proving our claim.
O

To close this subsection, let us discuss the order of elliptic elements in faithful 2-HNN extensions I'". Every elliptic
element in I, , z has order at most 4: every element in G is contained in the abelian subgroup (t; 1, ...,?,_4), and
the fourth power equals the identity. In addition, I', , z contains an elliptic element of order 4 if and only if G, ; ¢ is
non-abelian, that is, if k£ > 0.

The existence of a generating pair (g, h) of I with ord(g) = 2 is straightforward: take g = t; and h = x, so x
is hyperbolic, ¢, is elliptic of order 2, and I' = (#;, x). On the other hand, for k > 0, a generating pair (g, h) with
ord(g) = 4 is guaranteed by the proposition below.

nk,e

Proposition 3.1. LetI"' =T, = = G, ; ; *,, as defined earlier, where k > 0 and e(n—k, 1) = 1 for some k <1 < n—2k.
Then T is generated by the stable letter x and an elliptic element g € G, with ord(g) = 4.
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Proof. Using the same notation as in Theorem 3.1, suppose that

[tl’ t1+n—k] = t1+kl t1+km7

where m > 1 and k < k; < -+ <k, <n—2k. Since [t;,t;, ;] = 1 for any j < n — k, it follows that

i+j
(1,1 t t Y = (1t Y=t t
14k —ky +o* Mtk —ky Pl4n—k 1 40—k I+ky - Pk,
On the other hand,

—k
@ (kg - k) = ik —ky o Tk =k, -
Therefore, the stable letter x, together with g = 1,7y _ ... f144 _k T14n—k> generates I'. The equations above imply
that ord(g) = 4.
O

3.2. Two-generator (3, 2)- and (3, 3)-amalgamated products

To complete the classification envisioned above for two-generator discrete subgroups of Aut(X3) with small
geometric quantities, we still need to analyze the faithful (3, 2)- and (3, 3)-amalgamated products. Classical results by
Djokovi¢-Miller [9] and Goldschmidt [12] suggest that there are only finitely many of them:

Theorem 3.2. LetT" = G| *y G, be a faithful amalgamated product of finite groups with |G, : H|, |G, : H| € {2,3}.
Then the pair (G, G,) is one of the following:

o If‘|G1 . H|=|G2 . H|=2, then(Gl,Gz)=(C2,C2).
o If|G, : H|=3and |G, : H| =2, then (G, G,) is one of the seven pairs of Djokovié-Miller type [9].
o If|G, : H|=|G, : H| =3, then (G, G,) is one of the fifteen pairs of Goldschmidt type [12].

Throughout this subsection, we realize the amalgamated products using the presentations given in [3] (Sections 2.1
and 2.2). In the Djokovié-Miller cases, the letters /4 and a in the group presentations are replaced by x and y to avoid
ambiguity with the use of 4 in this paper and to remain consistent with the presentations in the Goldschmidt cases.

Among these types, G} is distinguished by the fact that it is not two-generated.

Proposition 3.2. The amalgamated product I = Dy *c, Dg of type G} has rank 3; thus, it is not two-generated.

Proof. On the one hand, rank(I") < 3, as seen from the presentation:
I'= D¢ *¢, Dg = (e, x,y| 2,530, (cx)2,(cy)2).
On the other hand, I" admits a surjective homomorphism
Dy #c, Dg > (C3 X C3) X Cy = (x,y,¢ | X°, 7, [x, ], ¢, (%), (¢y)?),

where x and y map to the generators of the two C5 factors, and ¢ maps to the generator of C,. The resulting group is the
generalized dihedral group of C; X C;, which has rank 3 by a standard result on finite groups. Therefore,

rank(I') > rank((C3 X C3) X C,) = 3.

The two inequalities confirm that rank(I") = 3.
O

We would like to obtain two-elliptic as well as elliptic-hyperbolic generating pairs of the remaining (3, 2)- and
(3, 3)-amalgamated products, with particular attention to the orders of the elliptic elements.

For two-elliptic generating pairs, we view each amalgamated product as a discrete subgroup acting on its Bass-Serre
tree, either X3 or X, 3. If a group admits an elliptic generating pair (g, h) with d(T,, T;) = 1, then edge-transitivity
implies that, up to conjugation and swapping g and A, we have g € G| and h € G,. After adopting the convention of
swapping the two factor groups in the five amalgams of G,-type, the orders of elements in those G;’s and G,’s imply
that ord(g) € {2,3,4,6,8} and ord(h) € {2,3,4,6,8,12}.

Not every combination of such ord(g) and ord(h) is achievable:
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Proposition 3.3 ([6], Theorem C, case (3)). Let g, h be elliptic tree automorphisms of prime orders p and q such that
the fixed trees T, and Ty, are disjoint. Then I = (g, h) is isomorphic to the free product C, * C,. The vertex stabilizers
inT, and Ty, are (g) = C,, and (h) = C,, respectively.

When I' is not the free product C5 * C, of type DjM, or C; * C; of type Gy, the proposition above implies that
either ord(g) > 4 or ord(h) > 4. This further narrows the candidate order pairs (ord(g), ord(h)) for the generators. In
particular, the group Dg ¢, V; of type DjM; is not two-elliptic generated, as neither Dg nor V, contains elements of
order greater than 3.

For each of the remaining eighteen amalgams I' = G| %y G, and for each pair of orders (n, m), where
n € {2,3,4,6,8}, m € {2,3,4,6,8,12}, and max{n,m} > 4, we are concerned whether there exist g € G| and
h € G, such that (ord(g), ord(h)) = (n,m) and (g, h) = I". For a chosen pair (g, /), the following saturation procedure
determines whether it generates I'.

Proposition 3.4. Suppose that G| *g G, is an amalgamated product of finite groups, g € G|, h € G,, and let
(0) =(g), K(O) (h). Iteratively define

K(H'l) (K(l), K(’) n H> K(l+1) (K(l), K(’) n H>

Then (g, h) = G| %y G, if and only if there is N < oo such that K( ) =Gy and K(N) G,.

(N)

Proof. The “if” part is clear. For the “only if”” part, assume (g, h) = G| *p G,. We need to show that K" = G for

some N; the argument for K N) = = G, is the same. Since G is finite, it suffices to show that, for each y € G, we have
y € Ki ) for some N.

Since (g, h) = G| %y G,, y can be expressed as a word in g and h. By the Fundamental Theorem of Graph of
Groups, we can consider G; * g G, as a quotient of the free product G; * G,, and the word

y=gG1' Gz'gGl""

can be reduced by either (1) replacing consecutive letters (710,- 72G,.) with their product (y,7,)g, fori = 1,2, or (2)
transferring a letter representing an element of H from one vertex group to the other.
In the initial expression of y, each letter is in Kfo) or Kéo). Suppose, for example, that at some stage a letter

(rg, € Kii) N H is transferred to G,. Under the identification of the two copies of H, the same element y; may

then be regarded as an element of G,. If it is combined with a letter lying in Kéi), the resulting product lies in

K, G+ < K . K, ODnH > The same argument applies with G, and G, interchanged.
Since the sequences

K9<kW<gk@<.., =12,
J J J

are increasing, it follows inductively that every letter appearing during the reduction lies in some K iN) or KEN) with

finite N. The reduction terminates after finitely many steps, and since the represented element y lies in G, its reduced

N, o . .
form is the single letter (y)¢, . Hence y € K i 2 for some N, < oco. The proposition is proved by taking the maximum
of N, fory € G, ory € G,.

O

Using Proposition 3.4, we test in GAP whether a two-elliptic generating pair exists for each candidate pair of orders.

Now we turn to the elliptic-hyperbolic generating pairs with £(h) = 2 and d(T,, A,) = 1. While a finite computer
search is still possible, many of the possible values of ord(g) are already covered by the two-elliptic case: if (g, h) is a
two-elliptic generating pair with d(T,, T},) = 1, then (g, gh) is an elliptic-hyperbolic generating pair with translation
length £(gh) = 2. The two-elliptic order pairs we obtained appear to determine the answer to the elliptic-hyperbolic
generating-pair existence problem for almost every value of ord(g) and for every amalgamated product, except in the
following cases:
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(1) ord(g) =2 and T of types DjMé, G,, and Gg,
(2) ord(g) =3 and I of types DjM;, DjM;, DjM5, G?, and Gg, and
(3) ord(g) = 6 and I of type G).
Computation suggests that generating pairs in case (1) are still possible:

Proposition 3.5. There exist elliptic-hyperbolic pairs g, h € Aut(X3) with ord(g) =2, £(h) =2, and d(T,, A,) =0
that generate the amalgamated products of types DjMé, G,, and Gs.

Proof. Case DjMé. Use the standard presentation:
Dg x¢, Vy = (x,p,y | X, p7 3%, (xp)*, (yp)?).

Then (p, xy) is an eligible generating pair:

Element || x |y
Recovery H p(xy)p(xy)~T ‘ x~T(xy)

Case G,. Use the standard presentation:
D]2 >kV4 A4 = <C7 d7 X,y | 627 d2’ [C7 d]a X3, y37 (cx)za [d7 x]’ (Cy)3a dy—lcy>‘

Then (g, h) = (d, xy) is an eligible generating pair:

Element H c ‘ x ‘ y
Recovery || (xy)Td(xy)d | c(xy)d(xy)~" | x7T(xy)

Case G;. Use the standard presentation:
Sy #p, Sy =(c.d,x,y | c*,d% (cd)’, %, (dx™"), exdx, y’, (dy™")*, cdydy).

Then (g, h) = (c, yx) is an eligible generating pair:

Element || d | X |y
Recovery H c(yx)"Te(yx) ‘ d(xy)d*(xy)! ‘ x~T(xy)

By contrast, the conditions in cases (2) and (3) cannot be satisfied.

Proposition 3.6. There are no elliptic-hyperbolic pairs g, h € Aut(X3) with ord(g) = 3 (or ord(g) = 6), £(h) = 2,
and d(Ty, Ay) = 0 that generate the amalgamated products of types DjM;, DjM;, DjMs, G?, and Gé (or type G,
respectively).

Proof. Suppose such a pair (g, ) exists. Since ord(g) = 3 (or 6, in the G; case), g fixes only a single vertex on A; and
permutes the three adjacent vertices. Consequently, either gh or gh~! fixes a vertex adjacent to T,. Thus, (g, gh) (or

(g,gh™Y))isa two-elliptic generating pair of the amalgamated product, with d (Tg, Tgh) = 1 and ord(g) = 3. However,
these two-elliptic scenarios were excluded earlier by the case-by-case computation using Proposition 3.4.

O

This completes the discussion of elliptic-hyperbolic generating pairs for each possible elliptic order in each faithful
amalgamated product.
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3.3. Two-generator Discrete Subgroups with Small Geometric Quantities
Combining our discussion in Subsections 3.1 and 3.2, we obtain the following classification of two-generator
discrete subgroups of Aut(X3).

Theorem 3.3. Let T = (g, h) < Aut(X3) be a two-generator discrete subgroup, and suppose that its action on the
minimal I'-invariant subtree is faithful.
Two-elliptic case. If g, h are elliptic and

d(Tg9 Th) = 17

then T is D, one of the seven Djokovi¢-Miller amalgams other than Dle, or one of the fifteen Goldschmidt amalgams
other than G}. Moreover,

ord(g), ord(h) € {2,3,4,6,8,12}.
Elliptic—hyperbolic case with ¢(h) = 1. If g is elliptic, h is hyperbolic, and edge inversions are allowed, with
dTy, Ap) =0, Z(h) =1,
then I is D, or one of the seven Djokovi¢-Miller amalgams. Moreover,
ord(g) € {2,3,4,6}.
Elliptic—hyperbolic case with ¢(h) = 2. If g is elliptic, h is hyperbolic, and
d(Ty, Ap) =0, ¢(h) =2,

thenT is D, one of the seven Djokovi¢-Miller amalgams, one of the fifteen Goldschmidt amalgams other than G, or
one of the faithful 2-HNN extensions classified in Theorem 3.1. Moreover,

ord(g) € {2,3,4,6,8,12},

and in the HNN cases ord(g) € {2,4}.
Conversely, every listed isomorphism type admits a generating pair satisfying the corresponding geometric
conditions.

Proof. First, we identify each I' < Aut(X3) satisfying the conditions as a faithful amalgamated product or HNN-
extension:

Two-Elliptic case. Let P denote the path of length 1 connecting 7}, and T},. Then the group I" acts on the subforest
L_J},er y.P C X;3, which is indeed a subtree. Its quotient graph by I" is an edge with two vertices, implying I' is an
amalgamated product. The valency restriction bounds the amalgam indices, while faithfulness of the action requires the
amalgam to be faithful. Therefore, I" is one of the faithful (2, 2)-, (3, 2)-, or (3, 3)-amalgamated products.

Elliptic-hyperbolic case with £(h) = 2. The group I" acts on the subforest Uyer y-Ay C X3. Since d(T,, Ap) =0,
it is again a subtree. Its quotient graph by I" is the circuit A, /(h) of length £(h) = 2, up to further edge identifications.
Therefore, it is either a circuit of length at most 2, or an edge with two vertices.

In the edge case, I" is one of the faithful (2, 2)-, (3, 2)-, or (3, 3)-amalgamated products discussed above. In the circuit
case, each vertex group should contain the two edge groups with indices (1, 1) or (1, 2), as required by the valency of
the covering tree. Since the indices must also be compatible with the circuit, the circuit length should be 2, and the
index pair for each vertex should be (1, 2). After reducing the edge with index 1 and merging the two vertices, the result
is a loop with an edge group of index 2, corresponding to a faithful 2-HNN extension.

Elliptic-hyperbolic case with £(h) = 1. If £(h) = 1 instead, then the group I" contains edge inversions. After
barycentric subdivision of the edge, the quotient graph becomes a “half-edge”, and the index |G, : H| = 2 for the
barycenter stabilizer G,. This narrows the possibilities to faithful (2, 2)- or (3, 2)-amalgamated products.

We now identify the groups appearing in each case. The faithful amalgams are classified in Theorem 3.2 as D, the
Djokovié-Miller amalgams, and the Goldschmidt amalgams. The faithful HNN extensions are classified in Theorem 3.1
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as an explicit infinite family. By Proposition 3.2, the Goldschmidt amalgam G} does not occur in any of the three cases.

By the remark after Proposition 3.3, the Djokovi¢-Miller amalgam DjMé does not occur in the two-elliptic case.

All remaining amalgams admit two-elliptic generating pairs with the required orders, as verified by the computation
using Proposition 3.4. Proposition 3.5, together with the preceding remark, provides elliptic-hyperbolic generating pairs
with translation length 2 and the required orders. For Djokovi¢-Miller amalgams and elliptic-hyperbolic generating
pairs with translation length 1, the elliptic generator must come from the vertex stabilizer containing the edge stabilizer
with index 3. Thus, the computation using Proposition 3.4 restricts the possible orders to 2, 3, 4, 6. Finally, Proposition
3.1 provides elliptic-hyperbolic generating pairs with translation length 2 and the required orders in 2, 4.

O

We can also consider the classification with the faithfulness condition replaced by the lattice condition. In fact,
requiring I' < Aut(X3) to be a lattice is stronger:

Lemma 3.4. Let X be a locally finite tree without leaves, and let I < Aut(X) be finitely generated and discrete. Then
I is a lattice if and only if its minimal I'-invariant subtree satisfies Tr = X.

Proof. If T = X, Definition 2.6 implies that X /T is a finite graph; hence I' is a lattice (indeed, a uniform lattice).

Conversely, if Tr € X, a component of X \ T contains vertices at every distance from T since X has no leaves,
and the distance is I'-invariant. Fix such a component. The stabilizer of each of its vertices is a subgroup of the stabilizer
of its root vertex v € V(T). Consequently, the covolume diverges, so I' is not a lattice.

O

As a consequence of Lemma 3.4, if I is a lattice in Aut(X3), then I" acts on its minimal tree (which is X3 itself)
faithfully. Theorem 3.3 then implies the following classification of Aut(X5)-lattices.

Corollary 3.1. LetI" = (g, h) < Aut(X3) be a two-generator lattice.
Two-elliptic case. If g, h are elliptic and

d(T,.T)) = 1,
then T is one of the fifteen Goldschmidt amalgams other than G{. Moreover,
ord(g), ord(h) € {2,3,4,6,8,12}.
Elliptic—hyperbolic case with ¢(h) = 1. If g is elliptic, h is hyperbolic, and edge inversions are allowed, with
d(T,, Ap) =0, Z(h)=1,
then I is one of the seven Djokovié¢-Miller amalgams. Moreover,
ord(g) € {2,3,4,6}.
Elliptic—hyperbolic case with ¢(h) = 2. If g is elliptic, h is hyperbolic, and
d(Ty, Ap) =0, ¢(h) =2,

then I is one of the fifteen Goldschmidt amalgams other than Gi or one of the faithful 2-HNN extensions classified in
Theorem 3.1. Moreover,

ord(g) € {2,3,4,6,8,12},

and in the HNN cases ord(g) € {2,4}.
Conversely, every listed isomorphism type admits a generating pair satisfying the corresponding geometric
conditions.
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Proof. By Lemma 3.4, T" acts faithfully on its minimal subtree, and Theorem 3.3 determines the possibilities for I'.
Among these amalgams and HNN extensions, the minimal subtree of D is a bi-infinite path, which does not meet
the requirement. The minimal subtrees of the Goldschmidt amalgams are all X5, and these are compatible with the
two-elliptic case and the elliptic-hyperbolic case with translation length 2. Since the HNN extensions are obtained by
shrinking an edge from a circuit of length 2 with indices (1, 2), their minimal subtrees are also X5. Finally, the minimal
subtrees of the Djokovi¢-Miller amalgams are X, 3, which is the barycentric subdivision of X3 and is compatible with
the elliptic-hyperbolic case with translation length 1.

O

As a final remark, let us discuss the relationship of Theorem 3.3, especially the elliptic-hyperbolic cases, to
two-hyperbolic generating pairs. In [10, Theorem 3.3], we showed that a hyperbolic generating pair (g, h) with
sufficiently long axis intersection can be transformed, by Nielsen moves, into an elliptic—hyperbolic pair, and
explicitly determined the geometric quantities of the resulting pair. In particular, when gcd(£(g),Z(h)) < 2 and
A4 (Ag NAy) > £(g)+(h)—ged(Z(g), £(h)), the reduction result produces the small-geometry cases treated in Theorem
3.3.

4. Geometry of Quotient Graphs by Two Generators

We now turn to general two-generator discrete subgroups of tree automorphisms. This section focuses on a
preliminary piece of rigidity: for an elliptic-hyperbolic generating pair (g, #) with fixed £(h) and d(T},, Aj,), we show
that the minimal quotient graph for I' = (g, h) is constrained.

Theorem 4.1. Let X be a tree, g, h € Aut(X), and let T = (g, h) be a discrete and faithful subgroup. Suppose g is
elliptic with fixed tree T,, and h is hyperbolic with translation length | = ¢(h), axis Ay, and distance d = d(Ty, Ap).
Then the quotient graph Y of the minimal I'-subtree by I" has cyclomatic number b{(Y') < 1; that is, Y is either a tree
or unicyclic.

In addition, Y must be obtained by identifying edges of the (I, d)-tadpole graph Y' (a circuit of length | with an
attached path of length d). Furthermore, if Y is unicyclic, then the circuit in Y must be homotopic to the image of the
circuit in the tadpole graph Y' under the edge identifications.

Proof. For the first claim, we consider the fundamental group homomorphism
¢ T'=m@,0) - mX)=F v,

obtained by forgetting the finite vertex groups of the quotient graph of groups (Y, G).

On the one hand, this forgetful homomorphism is surjective. On the other hand, I = (g, k), with g elliptic. Thus
@(g) = 1, and @(I) is either trivial or an infinite cyclic group {@(h)). In particular, the rank of the free group z;(Y) is
at most one, so b (Y) < 1.

For the assertion about the quotient graph, let P be the path joining T, and A,,. Then the group I" acts on the subtree

X, = U(y.Ah Uy.P).
yel’

Its quotient graph, X,/T’, is obtained by identifying edges in the vertex sum of A, /(h), a circuit of length £(h), with P,
a path of length d(7},, Aj). Thus it is obtained from the tadpole graph Y’ by edge identifications.

In this construction, & corresponds to the circuit of length / in Y, and after further edge identifications and forgetting
the vertex groups, @(h) € r;(Y) corresponds to the image of that circuit in Y’. Therefore, if Y is unicyclic, then its
circuit must be the image of the circuit in the tadpole graph Y’ under the edge identifications.

O

Theorem 4.1 implies that Y is indeed obtained by folding the edges of the (/, d)-tadpole graph, i.e., repeatedly
identifying adjacent edges, as well as their endpoints that are not incident with the other edge (if any). The theorem
further gives an upper bound on the size of the quotient graph:
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Corollary 4.1. [fb,(Y) =0, then |E(Y)| < d(T,, Ay) + %f(h).
Ifby(Y) =1, then the girth of Y is at most (h), and

[EX)| <d(Ty, Ap) + %(f(h) + girth(Y)).

When d (Tg, Ap) =0, this bound is sufficient.

Proof. If by (Y) = 0, then the circuit collapses to a tree, so each edge coming from the circuit arises from identifying at
least two edges. If b;(Y) = 1, then the length of the remaining circuit is at most (%), and each edge not lying on the
circuit also arises from identifying at least two edges. This gives the required upper bound on the size of the graph.

O

5. Constructions of Two-generator Graphs of Groups

Despite the restriction on quotient graphs given by Theorem 4.1, the vertex stabilizers of general two-generator
discrete subgroups (g, h) < Aut(X)—even under the faithfulness condition—can be complicated:

o IfZ(h) =4, d(Tg, A;) =0, and X is trivalent, then I" = (g, h) could be an amalgam of three finite groups:
I'=Gy *y, Gy *p, Gy,
where {|G| : H,|,|G, : Hy|} ={1,2},and |G, : H,|,|G, : Hy| £3.

e If inversions are allowed and either Z(h) = 3 with d(Tg, Ap) = 0or £(h) = 1 with d(Tg, Ap) = 1, we obtain
amalgams of the same form as in the previous case.

o IfZ(h)=2,d (Tg, Ap) =0, and X is four-regular or (3, 4)-biregular, then there is a family of two-generator faithful
(4, 3)-amalgamated products, which in turn contains a family of three-group amalgams G, *p, G| *y, G, equivalent
to the above.

This family of amalgamated products is infinite and appears to be impractical to fully classify. Instead, we aim to
construct explicit families of two-generator graphs of groups satisfying the following index conditions:

Definition 5.1. Let Y be a graph obtained by folding an (I, d)-tadpole. For each edge e and incidence v € {a,, ®,},
assign

ne, € {1,2,3}.
We call {n,,} an admissible index assignment if it satisfies the following conditions:
o n,,=3ifval(v) =1, andn,, € {1,2} if val(v) > 2.
e If'Y is a path or a circuit, then at least one n, , = 2.

e IfY is unicyclic and contains a circuit C, let vt(e) and v=(e) be the left and right endpoints of e € E(C). Then

H o vt(e) = H e v=(e):

ec&(C) ee&(C)

o The folding condition: if e is the result of folding at least two edges incident with the same vertex v in the (I, d)-tadpole,
then n, , > 1.

Later in Section 6, we will use these constructions to show the richness of two-generator discrete Aut(X)-subgroups.
Before proceeding to the construction, it is worth mentioning that the edge groups are often constructed as elementary
abelian 2-groups:

H=(t],...tp | 7 = (1;t))* = 1) = (C).

We identify H with the vector space Vy; = [sz, which has dual space V}; = Hom(Vy, ). For any f € V/};, we denote
its kernel by ker(f) = {h € H | f(h) = 0}.

The following lemma provides conditions ensuring that H is core-free in a larger group. In our constructions, this is
usually sufficient to demonstrate the faithfulness of the I'-action on its Bass-Serre tree, thereby ensuring that I is a
subgroup of Aut(X).
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Lemma 5.1. Suppose H < I" for some ambient group I". Assume the following:
o There exist elementsry, ...,r; € I such that () riHri_l) N H = ker(t, ..., t:)for some non-zero t’l‘, e t: S V;.

o There exist elements x, ..., x; € I, and for each i = 1, ..., j, there exists @; € GL(k, 2) such that x,-txl._1 = @;(1)
forallt € HN xi_le,-.

Let W C GL(k,2) be the set of automorphisms induced by words in the generators {x;}. If the set of pulled-back
functionals {WTt;" |Wew, i=1,...,n} spans V], then H is core-free in T, i.e.,

(\rHr ™" =11}

yel

Proof. Let K =) yer v H y~! be the core of H inT. Let W € W be the linear transformation corresponding to the

conjugation action of w™!, where
w=xt .. xt.
Im I

+
i”

! m
(m(wr[)H(wri)_1> n (ﬂ wkHw,j) ,
i=1 k=0

each intermediate conjugate w;ltwk lies in H, so the successive conjugation relations ad, = @i, apply. Hence
Tk+1

. + .
Denote by w; the partial product Xj e X For any ¢ in

wtw = W (¢) as an element of V. Moreover,

I
wltw e Hn (ﬂ riHri'l),

i=1

so W (t) € ker(t], ..., 1), meaning that
(EW)y=0 = Wlithn=0i=1..,n

Thus, t € ker(WTtT, ... WTts) for every W € W. Since the collection {W Tt | W € W, i = 1,...,n} spans v,
an element ¢ lies in the intersection of these kernels if and only if # = 1 (the identity in H). Specifically,

K C ﬂ ker(W Tt = {1}.
wew,1<i<n

We conclude that the core of H is trivial, and thus H is core-free in .
O

Another lemma is required to recover a generating pair from a graph of groups with the desired geometric quantities
Z(h) and d(T}, Ap):

Lemma 5.2. We say that a collection of subtrees {T;} is bridge-reduced if (i) each T; contains exactly one vertex v;
minimizing the distance to | J i Ty and (ii) each v; is a leaf of the subtree induced by them.
(1)If hy, ..., h, € Aut(X) are elliptic automorphisms and {Th1 yeees Thm} is bridge-reduced, then their product

h=h,..h,

is hyperbolic, and

m

£y = Y d(Ty, Ty, )s gy = By

i=1
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(2) In addition to (1), if T~ and T+ are subtrees of X such that {T~,TT, Th1 s Thm } is bridge-reduced, then

m—1
d(T™, hTY) =d(T™,Ty) + Y, d(T,,, Ty, ) +d(T;, T
i=1

(3) In addition 1o (2), if T~ = v~ and T+ = v are vertices on the axis of a hyperbolic automorphism hy € Aut(X),
with d(v=,vt) = £(hy) + 1, then

h' = hyh, ... h,
is hyperbolic with translation length
£(hy=d@w , hot)—1.
The proof is a straightforward adaptation of Exercise 2.6 in [2].

5.1. Two-generator Subgroups with Elementary Quotient Graphs

We will first describe the construction of two-generator subgroups of Aut(X) with elementary quotient graphs,
meaning a path, a circuit, or a star graph. These examples contain the main ideas needed for the general construction of
two-generator Aut(X)-subgroups.

5.1.1. Paths of Length > 2

By Theorem 3.2, there are only finitely many faithful amalgamated products of indices < 3, so there are only finitely
many paths of groups of length 1. For this reason, the infinite family we will construct will apply to paths of length at
least 2.

Proposition 5.1. Forany n > 2, any j = 1,...,n, and every admissible assignment of indices n, , on a path Y of
length n, there exists an infinite family of two-generator subgroups I' = (g, h) < Aut(X,) with arbitrarily large vertex
stabilizers and the following properties:

o The generator g is elliptic of order ord(g) € {3,6}.
o The generator h is hyperbolic, with ¢ (h) = 2j and d(Tg, Ap)=n—j.

o The minimal quotient graph for I is the path Y, and the associated graph of groups satisfies U, : T',] = n, , for
each edge e incident with a vertex v. In particular, this includes the case when Y is a reduced quotient.

The construction. Let the vertices of Y be v, vy, ..., v,, and the edges be ey, ey, ..., e,_;. We aim to construct a
family of vertex groups G; = G(v;) and edge groups H; = G(e;), so that the fundamental group of the graph of groups
Y, 0),

I'==(Y,0 =G, *H, Gy L TR G,
satisfies the requirements in the proposition.
We first define the vertex groups Gy fork =1,...,n—1. Let

mkz#{lﬁiﬁklne,q i=2}’ m?{:#{lﬁiﬁk—l|ne[_’_=2},

R v;

SO

/
My — My, m

i1 —m € 10,13,

depending on the values n, , andn, , .For N large enough, let
Gk = <t1, ,t2N_1,rm;c+l, ,rm;,sl, ’Smk>’
which is abelian and generated by involutions. For k =0, ...,n — 1, let
H,=(t,....0on_1: RN (VIR ST S B
k < 1 2N-1>Tm  +1 ml > >1 mk>
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U

so Hy < Gy and H; < Gy, with |G, © Hy| = R, v, and |Gy - Hil=n .- In particular,

CloUk+
HO = (tl,...,IZN_l,rl,...,rmi'),

and

).

Define Gy = Hy X (x) and G,, = H,_; X (y), with ord(x) = ord(y) = 3, and the conjugation relations on the generators
are as follows:

Hn—l = <t1,...,12N_1,S1,...,Sm

n—1

| P ty; r; (i=1,....m)

r* b T b1

to| tan—y | taica tyi (i=m +1,...,N—1)
ol tano1 |t | haicita

t f ts; thivg G=1,...,N—m,_; —1)
¥ 5! bit1 | bilsix

t by | g syoi (G=N-m,_,....,N=1)
| toipr | SN by

From the construction, one sees that I" has an admissible index assignment; the covering tree has valency at most 4,
and I" acts on X,. We will show that I" is two-generated, has the desired geometric quantities, and acts faithfully on its
covering tree.

Proof. Generating Pairs. For j = n, let (g, h) = (x, xyt|). Both x and yt, are elliptic, and the graph of groups suggests
d1, T, )=n.

Lemma 5.2 implies that 4 is hyperbolic with #(h) = 2n. In addition, g is elliptic of order 3, and d(T},, A,) = 0. The
original generators y, #;, r; and s; are recovered as follows:

Generator || 1, | y | 1y |t | om | Si

Recovery H (g7 'h)’ ‘ (g 'h? ‘ Xty yx~! ‘ yigy~! ‘ Xtg;x ™! ‘ yt2(N—i)+1y_1

For j < m,let (g, h) = (ytl,xsmj). Similarly, we have
d(szmj 9 Tytl) = .j7

and A is hyperbolic with #(h) = 2j by Lemma 5.2; g is elliptic of order 6, and d(T,, A;) = n— j. The original generators
X, ¥, t;, r; and s; are recovered as follows:

Generator || 1, | y | 1y | i1 | Si x|
Recovery H g ‘ g ‘ hty;_ h7T ‘ Yty ‘ yfz(N—i)—ly_l ‘ hsm,- ‘ Xtyx™!

Action Faithfulness. It suffices to show that H is core-free in I':
() 7Hor™ = {1}.
yel’

Indeed, the conjugation relations give

1 A1
HynyHyy™ Ny Hyy=ker(r},...,r,, té(N—m,._l)’ N

As long as max(m:l ,m,_;) > 0, this kernel is non-trivial. Alternately applying the pullbacks induced by x- and

y-conjugation to the covectors defining this kernel gives all generators of V*O, namely

* sk *)

* * 3
VHo = span(tl,...,IZN_I,rl,...,rm; .

By Lemma 5.1, H, is core-free, and the I'-action on the Bass-Serre tree is faithful.
]
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5.1.2. Circuits
The infinite family of faithful 2-HNN extensions in Theorem 3.1 has loop quotient graphs. Modifying the construction
yields a family of two-generator subgroups whose quotient graphs are circuits of any length.

Proposition 5.2. For any n > 1 and every admissible assignment of indices n, ,, on a circuit Y of length n, there exists
an infinite family of two-generator subgroups I = (g, h) < Aut(X,) with arbitrarily large vertex stabilizers and the
following properties:

o The generator g is elliptic of order ord(g) = 2.
e The generator h is hyperbolic, with £(h) = n and d(T, A;) = 0.

o The minimal quotient graph for I is the circuit Y, and the associated graph of groups satisfies [I', : T',] = n,, for
each edge e incident with a vertex v.

The construction. Let the vertices of Y be vy, v,...., v,, and the edges be ey, e,...., e,. We aim to construct a
family of vertex groups G; = G(v;) and edge groups H; = G(e;), such that the fundamental group I" of the graph of
groups (Y, Q) satisfies the requirements in the proposition:

Let us define the vertex and edge groups: without loss of generality, let v; be the vertex with the smallest vertex group
order, as implied by the numbers n, ,,. Let

me=#1<i<k—1|n =2}, my =#{1<i<k-1[n,, =2},

€isUit1
sO
’ ’ = =

My —my, my_ —m € {0,1}, my y=m, _ =m

For N > 3, we define
— 2 _ 2 _ 2 _ ;

G =ty w15 s TuNamert 117 = L (itiun)”™ = Lty (i1i4))" = LY # mN),

and

H, = <tmL+1+l’ seeo tmN+mk+1>’

with the same relators. Note that the choice of v; implies that m;, > m;, so every G, contains non-trivial commutator
relations. On the other hand, m, — m; < m, so each t,,,,, on the right-hand side of a commutator relation does not

~)%. This guarantees the groups G, do not collapse.
and |Gk+1 : Hk' =

appear in the left-hand side of another commutator (¢;7;,,,
Note that the subgroup relations H, < G, and H; < G, hold, with |G, : H;| = n
. In particular,

€Uk

n
CkoVk+1

Gy =1, s luns1)s

and

Hy =gty - DN+ e s

where ¢ € {0,1}, depending on whether n,
(/N Hn — Gl by

v, = 1 or 2. Define the stable letter x and the boundary injection

-1
Q) = xt; X" =ty

From the construction, one sees that the index assignment on I is admissible, and I" acts on X,. We will show that I is
two-generated, has the desired geometric quantities, and acts faithfully.
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Proof. Generating Pairs. Let (g, h) = (¢}, x); then g is elliptic of order 2, & is hyperbolic with £(h) = n, and
d(T,, Ap) = 0. The original generators #; are recovered as follows:

Generator H tig ‘ Livm
Recovery || o((t,0N () | 0711
Action Faithfulness. It is clear from the definition of ¢ that

o' H = ()x'Hx" = (1),

i€z i€z

Therefore, H, is core-free, and the I'-action on the Bass-Serre tree is faithful.
O

When Y is a unicyclic graph with leaves, we can construct two-generator subgroups with minimal quotient graph
Y and abelian vertex stabilizers on the circuit. As the construction below demonstrates, this simplifies the general
construction.

Corollary 5.1. Foranyn > 1, j € {0, 1}, and every admissible assignment of indices n, ,, on an (n, 1)-tadpole graph
(a leaf vertex attached to an n-circuit), there exists an infinite family of two-generator subgroups I' = (g, h) < Aut(Xg)
with arbitrarily large vertex stabilizers and the following properties:

o The generator g is elliptic of order ord(g) = 6.
e The generator h is hyperbolic, with £(h) = n+2j and d(Ty, Ap) = 1 — .

o The minimal quotient graph for I is the tadpole graph Y, and the associated graph of groups satisfies [I', : I',] = n
for each edge e incident with a vertex v.

e,v

The construction. Let the vertices of Y be v, vy,..., v, and the edges be e, ey...., e,, corresponding to vertex
groups G; and edge groups H;. Here, the vertices v; through v, form a loop, and vy, is a leaf attached to the loop at v;:

Hn
G'o H G H, c, Gy H,, G,
Again, let
me=#{1<i<k-1]|n,, =2} m, =#{1<i<k-1] e v, =2},
som,,; =m’  :=m.Fori=1,...,n, define the vertex and edge groups G; and H; with the same generators as in

n
Proposition 5.2, but without the non-trivial commutators:
G, =t 1 |2 =1,@0,t)> = 1)
e =\l 41 N1 1] = LT =),
and
— 2 _ 2 _
H; = (tm;mﬂ, s taNamer1 |17 = L(52)° = 1),

where N is any sufficiently large number. Define the boundary injection ¢ : H, — Gy, ¢(t;) = xt;x"! = t,_,, as before.
In particular, the group for the junction vertex v; (where the tail meets the circuit) is

Gy =t s yns1)-

Depending on the number Rey0,» let Hy = G or an index-2 subgroup that does not contain any generator ¢; with i > 2m.
Define G, = H, X (y) with ord(y) = 3, and the non-trivial conjugation relations are given as follows:
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t o bisl 1<i<(m-1)/2)
r Dit1 bilsit

ol tme2ie1 Tmt2i (1<i<m/2)

4 Imt2i | Tme2i-1tms2i

We will show that I' is two-generated, has the desired geometric quantities, and acts faithfully.

Proof. Generating Pairs. For j = 0, let (g, h) = (yt,, x); then g is elliptic of order 6, & is hyperbolic with £(h) = n
and d(T,, Ap) = 1. The original generators y and ¢, are recovered as follows:

Generator || y | #; | th; | toin | tim |
Recovery H g4 ‘ g3 ‘ xyx_ltzi_lxy_lx_1 ‘ thiy_1 ‘ x‘ltix ‘

For j =1, let (g, h) = (yt, xyt;); then g is elliptic of order 6, and by Lemma 5.2, h is hyperbolic with £(h) = n+2
and d(T},, A) = 0. Note that the two generating pairs are equivalent.
Action Faithfulness. As before, the subgroup H is core-free in I', since

(o' (H) =[x Hix" = {1},

ieZ ieZ

5.1.3. Star Graphs
To illustrate the construction of two-generator subgroups whose minimal quotient graph has at least three leaves,
we discuss the simplest case, namely a star graph.

Propeosition 5.3. Forany n > 3, each j = 1, ..., n, and every admissible assignment of indices n, , on a star graph
Y of n edges, there exists an infinite family of two-generator subgroups I = (g, h) < Aut(X,,) with arbitrarily large
vertex stabilizers and the following properties:

o The generator g is elliptic of order ord(g) = 6.
e The generator h is hyperbolic, with £(h) = 2j, and d(Tg, Ap)=2(n—j)—1when j <n, or d(Ty, Ap) = 0 when
j=n

o The minimal quotient graph for I is the star graph Y, and the associated graph of groups satisfies [I', : I',] = n
for each edge e incident with a vertex v.

e,v

The construction. Let the vertices of Y be v, vy...., v,_;, and the edges be e,,..., e,_;. Here v, is the center
vertex, and e; is incident with v, and v;. We aim to construct a family of vertex groups G, and G;, and edge groups
H;,i=0,...,n— 1, such that the fundamental group I" of the graph of groups (Y, G) satisfies the requirements in the
proposition.

For sufficiently large N, define

G* = <t0’tl’ ’t3N—2> ~ (C2)3N—1.

Fori=0,...,n— 1, define the edge subgroups: if n =1, set H; = G,.. Otherwise,

€Uy
Hy=(t;|i#3N =2), H, ; =(t; | i #0),
and

sz(ti|[;é3j+2),j=1,...,n—2.

Define Gy = Hy X (x) and G,_; = H,_; X (y), with ord(x) = ord(y) = 3, and the conjugation relations on the
generators as follows (trivial relations omitted):

t H t3i ‘ t3[+1 ‘ t3i+2 (IZO,,N_l)
| taign | 32 |t
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t H t3i—l ‘ t3i ‘ t3i+1 (l= 1,,N)
Y I Y

For j=1,...,n—2,define G; = (z;) X H;, ord(z;) = 3, with the only non-trivial conjugation relation being

13j+12j13j41 = Z,2~
The group inclusions H; < G; and H; < G, define an n-star graph of groups, and the index assignment is admissible.
We will show that its fundamental group I is two-generated, has the desired geometric quantities, and acts faithfully.
Proof. Generating Pairs. For j = n, let (g, h) = (¥, y2; ... 2,_,x). By Lemma 5.2:

£(h) =d(vg, 1)+ - +d,_,0,_1) +d(v,_;, V) = 2n,

and d(T,, Ap) = 0. Denote x; := z;

i .-+ Zy_opx; then the original generators are recovered as follows:

Generator H y ‘ tl ‘ X1 ‘ t3i—1 ‘ t3i ‘ t3i+l ‘ Zj ‘ Xi?_l

Recovery H g* ‘ g ‘ y'h ‘ xit3i—2xi_1 ‘ Vigiy! ‘ y 3y ‘ t3i+1xit3ix,‘_1 ‘ Z; X

Specifically, when i = n — 2, we obtain x,,_; = x. The other generators ¢; are recovered from x- and y-conjugations.

For j < n,let (g, h) = (¥, 2y ... Z,_px2z, ' ... z]"). Lemma 5.2 implies that #(h) = 2, and

1-j

ATy Ap) = d(@y oo 2y DTy Ar

=d,_1,v)) +d,0) + - +dV, 5, V1)) +d0,__;,0,) =2(n—j) — L.

1 1 . . .. . _ -1
PISIFRIE Since z; commutes with 73;, a similar relation z; = 73,1 x;13;X;

still holds. Therefore, the original generators are recovered as follows:

Fori<n—-1-j,letx; i=z...2,_9x2

Generator H y ‘ t ‘ X ‘ 34 ‘ 13 ‘ 13i41 ‘ zZ; ‘ X1

1
Recovery H gt ‘ g ‘ h ‘ xit3i—2xi_1 ‘ Vi3 y~! ‘ y 3y ‘ ’3i+1xit3ixi_1 ‘ zi_lxizi

Fori > n—1— j, the recoveries of t3;, 13;_1, 13,41, Z;, and x;; are the same as in the case j = n.
Action Faithfulness. To show that H, is core-free in I', we begin with the intersection:

Hyn (ﬂ ZiHOZi_1> =ker(t), 13, ..., 13, _5)-
i

*
3i+1
core-free, and the I'-action on the Bass-Serre tree is faithful.

The ‘PI and (p; actions on those ¢ € VEO yield the other generators of this dual space. By Lemma 5.1, H, is

O

A modification of the construction allows the quotient graph to be a star graph with a loop:

Corollary 5.2. Forany n > 3, each j = 1, ..., n, and every admissible assignment of indices n, ,, on a star graph
Y of n — 1 edges and an additional loop at the center, there exists an infinite family of two-generator subgroups
I' = (g, h) < Aut(X,,,,) with arbitrarily large vertex stabilizers and the following properties:

o The generator g is elliptic of order ord(g) = 6.

e The generator h is hyperbolic, with ¢ (h) = 2j — 1, and d(T,, Ap) = 2(n — j) — 1 when j < n, or d(T, Ay) = 0 when
j=n

e The minimal quotient graph for U is the looped star graph Y, and the associated graph of groups satisfies

(I', : L1 =n,, for each edge e incident with a vertex v.

The construction. Let the vertices be v, vy...., v,_;, and the edges be e, e;...., e,_;. As before, v, is the center
vertex, while e, is a loop at v, . We will define the corresponding vertex groups G, and G;, and edge groups H, and
H;:

it
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As before, for sufficiently large N, define
Gy = (tort]s s tyn_n) = (C)*N 7L

Fori=1,...,n—2, define the edge subgroups: if e, = 1, set H; = G,. Otherwise,
H, =t |i#0),and H; =(t; | i #3j+2), j=1,...,n=2.

Define G,_; = H,_; X (y), with ord(y) = 3, and the non-trivial conjugation relations on the generators are given as
before:

t H t3i—1 ‘ t3l' ‘ t3i+1 (l= 1,,N)
ot | i |t

Forj=1,...,n—2,define G; = (z;) X H;, ord(z;) = 3, with the only non-trivial conjugation relation being

— 2
13j+12j13j41 = Zj-

Finally, define

H, ={(tg, 1}, . 135_3)s

and the boundary injection
o:H, - G,, ot)=xt;x"' = tigq-
We will show that its fundamental group I" is two-generated, has the desired geometric quantities, and acts faithfully.

Proof. Generating Pairs. For j = n, let (g, h) = (yt,yz| ... 2,_»x). By Lemma 5.2, we have £(h) = 2n — 1, and
d(T,, Ap) = 0.

For j < n,let(g,h) = (yt;,z; ... zn_zxz;_ll_j zl_l). Lemma 5.2 implies that £(h) = 2j — 1, and d(T,, Aj,) =
2(n—j)—1.

The conjugation action of the stable letter x on the generators ¢; is very similar to that of the elliptic automorphism
x in Proposition 5.3. As a result, the recovery follows the same formulas as before.

Action Faithfulness. As in the circuit cases, the subgroup H, is core-free, since

ﬂ P'(H,) = ﬂ xH,x7'={1}.

ez ieZ
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5.2. Two-generator Subgroups with General Quotient Graphs
The goal of this subsection is to derive a more general graph-of-groups construction:

Proposition 5.4. Let Y be a finite tree or unicyclic graph, and let A(Y') denote its maximal valency. For every admissible
index assignment on Y, there exists an infinite family of two-generator subgroups I' = (g, h) < Aut(X,,y)) with
arbitrarily large vertex stabilizers such that £(h) = 1, d(T,, A) = d, the minimal quotient graph for I' is Y, and the
prescribed indices satisfy |, : T',| = n, . In particular, this includes the case when Y is a reduced quotient.

Let us first introduce a shorthand notation: fix an assignment of numbers n, ,,, and for v, v’ € V(Y), denote

e’

my o =#{k|n, , >1},
where vy,..., v, are consecutive vertices on a path with v = vy and v’ = v,, and ¢; is the edge connecting v; and v, .

5.2.1. General Trees

Having discussed the case where Y is a path, we now assume Y is a tree with at least 3 leaves, denoted by vy, ...,
v,_;. Here, Y is obtained by folding the edges of an (/, d)-tadpole graph; we assume that its junction vertex corresponds
tow € V(Y).

Under the quotient map from the (/, d)-tadpole graph to Y, both the /-circuit and the d-path become walks
decomposed into maximal paths. We may assume that the endpoints of these paths lie among vy,..., v,_; and w,
since the general case reduces to this one with smaller / and d.

More specifically, we may assume v;,..., v,_; are leaves arising from the circuit, with

n—1

Y dw,v,) +d@), w) + d(0,_y,w) =1,

i=j+1
while vy,..., v j—1 are leaves arising from the path, with

j—1
Y d(,v,_p) +d(;_y,w) =d.
i=1

We begin the construction with the path connecting vy and v,_;. Fori = 1,..., n — 2, let w; be the projection of
v; to the tree generated by v,..., v;_;, and v,_;. We construct the vertex and edge groups connecting v; and w;. In
particular, we set m; = m,, ., and m, = max, <, (M ..M, | )

The construction. We start with an abelian group generated by involutions,

K =(ty,t1,....130_6 = P0s P1> -+ PaN> Q1> - dp )»

where

n-2
M+ m
M = Z(mi —1), and N > ——%_
i=1

Define the vertex and edge groups on the path [v,, v,_;] from K, analogously to the construction in Proposition 5.1: for
each vertex v € V([vy, v,_1]), define

GU=<K’}’ _l’sl’”"smu,u >,

m
Un— n—1

l,uo_mu,uo vt rmun_l,uo
and edge groups H, similarly, so the indices agree with the numbers n, . In particular, the edge groups at the leaves v,
and v,_; are

HO = <K,Sl, ’va(),v,,_1_1>’

and

Hn_1=<K,r1,...,rm 1>.

Define Gy = Hy X (y) and G,_; = H,_; X (x), with ord(x) = ord(y) = 3, and the non-trivial conjugation relations
are:

Up—1-00 "
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t o |t |t (i=0,...n—3)
| f3ig1 1342 I3
t || P Dai—1 r (i=1,... My oy T 1)
* || Paic1 ri D22
t Do; D2isl (i= My og = 1,.,N—-1)
| Poip1 | PaiP2is
! 13it1 B3ig0 13,43 (i=0,...,n=3)
Y| 132 13i43 13it1
t D2i—q Do S (i=1,... My o 1)
7l by 5 Poi—|
! || Pait D2 (=my, —L..N-1
| Paig2 | Priv1P2is2

Next, we construct the vertex and edge groups on the path [v;, w;], inductively from i = 1 to i = n — 2. Note that the
group G, has already been constructed at this stage of the induction, and all these groups will turn out to be abelian
groups generated by involutions. Let K; be the subgroup of G, generated by letters except 73;_; and py...., ppy, and
suppose

Gy, = (Kjspiseevs Pps13i1)-

In addition, let n; = 23_:11 (mj — 1). For each vertex v on [v;, w;], define
Gy = (KisPrs o Puymmy o Onlets =+ Oty ) X 13i21)5

and for each e = [v, '] where d(w;, V') — d(w;, v) = 1, define
H, = (K. py ... Pri—m,, o Onl+15 ""On;+quwl_> X (t3;-1)>

where the new generators o; are involutions, the first factor of the semidirect product is abelian, and the only non-trivial
conjugation relation is
0{3;‘-1
J
Let e; denote the leaf edge, and define

_ ’ . '
=0,4;, I’ll.+1§j 5”i+1‘

GU[- = <Hei7zi> = <Ki7p]’ ,pn"_mwi-Ui’onl,'-'-l’ ’On;+1> b <t3i—17zi>’

where ord(z;) = 3, (t3,_;, z;) = Dg, and the non-trivial conjugation relations are given by

t pi | o q; (j=n;+1,...,n;+1)
Zj . g q:D;

t’ 0j | 99 | 9j4;Pj

R I T/

For clarity, we include the conjugation relations for t5;_;, and it is clear that these are compatible with the fact that
(t3i_1- 2;) = Dg. Moreover, the construction satisfies the prescribed edge-vertex index assignments. We will show that
its fundamental group I is two-generated, has the desired geometric quantities, and acts faithfully.

Proposition 5.4, tree case. Generating Pairs. If w lies on the tree induced by v, ..., v,_;, we may assume it is on
the path [v;, v,_;] by relabeling the leaves in the construction above. The distance sum relation in Lemma 5.2 can be
further simplified as

n—1
Y dw, v, ) +d @), 0,) =1.
i=j+1
In this scenario, we let (g, h) = (g, 2y ... zn_zxzj‘_l1 zl‘l). By Lemma 5.2, the desired geometric quantities hold:
Z(h) =1 and d(Tg, Ap) = d. We next show that I" = (g, h): for the original generators x, y, tg,..., t3,_¢ = Pg, and
Z{,..., Z,_p, an argument similar to that in the proof of Proposition 5.3 shows that they are obtained from g and h. The
remaining generators, namely p;, g;, r;, s;, and o;, are obtained as follows:
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Generator || pyy | py | ri | s | o | 4;

Recovery H XPpi_oX ‘ YPyi_1y ‘ XPyi_1X ‘ YDy y ‘ zipjzi_l ‘ ojziojzi_1

For w not on this induced subtree, the folding condition in the admissible index assignment implies H, is properly
contained in G, where e is the edge incident with w in [v s w] and [v,_, w]. From our construction, one sees that
;_11 zl‘l) (or o; in place of s;), so the
geometric quantities are satisfied. The generator-recovery argument is similar: s; commutes with #y,..., #3,_¢ and p,...,
PN - Although o; does not commute with #5;_;, a closer examination of the recovery process in Proposition 5.3 indicates
that it will not affect the recovery of the original generators when x is replaced with o;x. The recovery of p;, g;, r;, ;.
and o; is also similar, and x is recovered once s; or o; has been recovered.

Action Faithfulness. To show that H,_, is core-free, we note that the relations

the generator in G,, — H, is either s; or o;. Let (g, h) = (3, 2y ... 2,25,XZ

Zi o _ Zi _ Zi
Ly = 1312 P, =05, 4; =0;Piq;,

imply that
H,  nz;H, z7'nz7 H,_z; =ker(r},_. @}, +4;). - (0}, +47)),

where j; = n; +1and j, = n: e In particular, each p;‘ + q;‘, j=1,..., M, serves as a null covector for one of the
intersections above, for some 1 < i < n — 2. In addition, certain compositions of conjugations by x and y send ZZ,. .
tin , to the various 7, p; and r}. Since the covectors t7, p}, (p} + ¢;") and r} span the entire V;‘I , H,_, is core-free in
Sn n—1

I.

O

5.2.2. General Unicyclic Graphs

Having discussed the case where Y is a circuit, we now assume Y has at least one leaf vertex. As before, we denote
these vertices by v,..., U,_,, and the junction vertex by w. We assume v;,..., v,_, are leaves arising from the circuit,
while vy,..., v;_; arise from the path, with distance relations similar to the previous case.

We will begin the construction with the tadpole graph containing the circuit C in Y and the path connecting vy, to it.
Fori =1,..., n—2, let w; be the projection of v; to the tree generated by vy),..., v;,_;, and C. We construct the vertex
and edge groups connecting v; and w;. In particular, we set m; = m,, ., and m, = max,¢;<,_»(m, ;)

The construction. We start with an abelian group generated by involutions. Let v, be the vertex on the circuit of
Y that is closest to v,. As in the construction in Proposition 5.2 and Corollary 5.1, we let m be the number of edge
groups on the circuit properly contained in the initial vertex group in either direction. Fix an abelian group generated by
involutions,

K=ty tynsdis - A )
where

n-2
M=) (m—1),and N >3n—4+m, , +m, +M.
i=1

Define the vertex and edge groups on the circuit C C Y from K, analogously to the construction in Proposition 5.2: fix
a direction from v, to each v € V(C), and for each vertex v € V(C), define

Gv = (K’ tmv*_v* ’tm—l’tmN+1’ ’tmN+vaU*>~

In particular,

Gy, = (o, tun- 415> dp)-

Define the edge groups H, similarly; in particular, the last edge subgroup H, before returning to G, is

H, =ttt s (N4 D)=15915 -+ Ap )
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possibly with an additional 7,y , 1), depending on n, , . In both cases, define the boundary monomorphism and HNN
stable letter:
@:H,—>G, ., ot)=xtx"" =t,_,. ¢q,)=4qj.

Next, we define the vertex and edge groups on the path [vy, v, ]. Set

KO = <t0""’t(N—m. )m’tl’""tm—l’""I(N—l)m+1""’tNm—]’ql""’qM>'

Ui ,U

For each vertex v on the path, define

Gy = (Ko {Nmm,, o 1ms - > EN=my ymo ST w5 Sy, )

b
My,04

and edge groups H, similarly, so the indices agree with the numbers n, ,,. In particular, the edge group at the leaf v is

H0=<K0,S1,...,Sm 1).

VUK

Define G, = H( X (y), with ord(y) = 3; the non-trivial conjugation relations follow the pattern of Proposition 5.2,
Corollary 5.1, and Proposition 5.1:

t Git)m 1Gi42)m 1Gi43)m (i=0,...,n=-3)
¥ LGBit2)m {3it3)m LGt m

! ! Gn=5)m+2i ! Gn=5)m+2i+1 (1<i<m-1/2)
P 1 Gn=simt2i41 | 1 Gn=5\m+2il Gn=35)m+2i+1

U T Gn-tymt2i-1 ! Gn—t)ym+2i (1<i<m/2)

i Lan—dyme2i | 'Gn—aym+2i- 1 Gn—dm+2i

t ' Gn—dtiym S; i=1,... My o, 1)
14 S L Gn—4+iym

Finally, we construct the vertex and edge groups on the path [v;, w;]. This is very similar to the corresponding
construction in the tree case: let K; be the subgroup of G, generated by all letters except #(3;_y),, and 7, for j > 3n—35,
and suppose

Gy, = (Kist3n_syms -+ s tnyms L Bi—1ym)-

Set ":/' in the same way, and define similarly:
G, =(K; L 3n=5ym> -+ » t(”i_”’w,-,v)m’ Onlgls-ons On;+quwl_ ) X (1321

He = <Ki’ t(3n—5)m’ ceeo t(n,-—mwi,v/)m’ On;+l LR 0",{+mv,w,-> X <t3i—1 >’

and
GU,- = <He,-’zi> = (Ki’t(3n—5)m’ ’t(ni—mwi’ui)mson;+17 ’On;H) X <t3i—1)v

with conjugation relations

t pj | o q; (j=n;+1,...,n;+1)
Zj . .q: .g:D:

t’ %j [ 949; | %9;P;

R I T/

Here, we use the shorthand

pj = t(3n—4+mv*,vo+j)m'

This gives a graph of groups on Y with the desired indices n,,. We will show that its fundamental group I is
two-generated and acts faithfully.
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Proposition 5.4, unicyclic case. Generating Pairs. If w lies on the graph induced by v, ..., v,_, and the circuit,

we may assume it is on the path [v;,v,_;] by relabeling the vertices in the construction above. Let (g,h) =
Otg» 2y - z,,_2xzjf_11 ...z71). By Lemma 5.2, the desired geometric quantities hold: #(h) = I and d(T,, A,) = d.
As in the proof of the tree case, the original generators X, y, 1y, .. - ., {(3,_6)m» ad zy,..., Z,_, are obtained from g and
h. Following the proof of Corollary 5.1, we obtain the other generators #; from ! Gn—6ym> X and y. The recoveries of s;,
pj> 4 and o ; are again similar to those in the proof of the tree case.

If w does not lie on this induced subgraph, the folding condition in the admissible index assignment implies there is
a generator s; or 0; in G, — H,. Let (g, h) = (31, z; ... z,,_2s,~xzj‘_11 zl‘l); the geometric quantities are satisfied, and
the original generators are recovered following the same argument as in the tree case.

Action Faithfulness. We aim to show that the group G, is core-free. Note that the HNN stable letter shifts all the

generators t; away; hence
i —i _ * *
m X Gu*x = ker(to, ,tmN).
1

As in the proof of the tree case, we also have

-1 -1 _ * * * * *
GU* N ZiGU*Zi n Zi Gv*zi = ker(t(:)”-_l)m’ (le + le )7 ceesy (Ph + qu))7

where j; =n]+ land j, =n]_;
Finally, y-conjugations take ¢

each j = 1,..., M corresponds to a certain 1 <i < n — 2 in the relation above.
* * i — —

Gredetjym to s} forj=1,... My o, 1.

These covectors together span the entire V; , so G,,_is core-free inT".

Ux

6. Reduced Graphs for Two-generator Discrete Subgroups

6.1. Combinatorial Description of the Reduced Graphs

We are now ready to return to Question 1.1. In particular, we fix the ambient tree as the n-regular tree X,,, consider
elliptic-hyperbolic pairs g, h € Aut(X,,) with fixed geometric quantities / = £(h) and d = d (Tg, Ap), and assume that
I' = (g, h) is discrete and faithful. While a full classification appears impractical, we still seek a description of the
graph carrying the group structure of I".

The quotient graph arising from the action of I" on its minimal subtree is not the right object for this purpose: it is
not canonical for I, since one can naively lengthen the paths in a graph-of-groups description. This trivial manipulation
of the graph of groups also allows us to obtain arbitrary underlying graphs from the star graph constructions alone
(Proposition 5.3 and 5.2), making the resulting description uninformative.

Instead, we consider the reduced graph of groups associated with I" as in Definition 2.7, which removes this artificial
flexibility. Let us introduce the following shorthand: if the associated group G(e) of an edge e € £(Y) is a proper
subgroup of the incident vertex group G(v), we double the half-edge closer to the vertex v. The reduction of a graph of
groups can then be understood through this doubled graph. Namely, if either half of an edge e is not doubled, we may
shrink the edge and merge the incident vertices v; and v;,. It is clear that the reduction of the other edges incident with
v; and v, follows the rules below. We are ready to state the following description of the possible reduced graphs for
two-generator discrete subgroups with given geometric quantities:

Theorem 6.1. Let X, be the n-valent tree, and let | > 1 and d > 0. There exists a two-generator discrete and faithful
subgroup I = (g, h) with geometric quantities £(h) = | and d(T,, A;) = d whose reduced graph is Y if and only if Y
is obtained from the following construction:

e [teratively fold adjacent edges of an (I, d)-tadpole graph so that the resulting graph Yy has valencies val(v) < n for
each vertex.

e Apply an admissible index assignment {n, ,} to the graph Y, such that Y, n,, < nforeach v € V(Y), representing
the assignment by doubled-half-edge shorthand, and reduce Y, with double edges according to the rules above. Let
the resulting graph be Y.
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In addition, unless n = 3 and Y is a path of unit length, there is an infinite family of such two-generator discrete
subgroups.

Proof. On the one hand, assume Y, is obtained by folding the edges of an (/, d)-tadpole graph, and Y is obtained
by reducing Y, with an admissible index assignment. By Proposition 5.4, we obtain a two-generator subgroup
I' = (g,h) < Aut(X,) whose minimal quotient graph is Y, and whose stabilizer indices match the assignment.
Following the reduction rules, the graph of groups (Y, ') can be reduced to a graph of groups (Y, G) with the desired
underlying graph Y.

On the other hand, assume I" = (g, h) < Aut(X,) is a two-generator discrete subgroup with geometric quantities
I'=7¢(h)and d = d(T,, Ap). By Theorem 4.1, the minimal quotient graph Y}, is the result of folding certain adjacent
edges of the (/, d)-tadpole graph. For each edge—vertex incidence v € {a,, ®,} in Yy, the index |[, : I, | satisfies the
following conditions, analogous to the admissibility conditions:

e Since I" acts faithfully on its minimal subtree, |I", : I',| > 1 for every leaf vertex v.

e If Y, is a path or circuit and the reduction result Y is not a single edge or a loop with identical vertex and edge
stabilizers, then at least one non-leaf vertex v and incident edge e is such that |I", : I',| > 1.

e If ¥, contains a circuit C, then, since the quotient is a graph of finite groups, the orders of the edge and vertex
stabilizers satisfy

[Meevo) o]
[]Ir, ti=5——=[] Il, : Tl

GE(C) [leeeo)Tel  cceie

o If e is the result of folding edges of the (/, d)-tadpole incident with the same vertex v, then there exists an automorphism
in I" that preserves e and maps one incident edge to another, so |[I', : I',| > 1.

Although these conditions do not force the actual indices to lie in {1, 2, 3}, they become the admissibility conditions
above after passing to the doubled-half-edge notation. Therefore, the reduced graph of groups (Y, G) follows the
description in the theorem.

O

6.2. Inequalities for Reduced Graphs with d (T,, Ay) = 0

Under the additional restriction d(T,, A;) = 0, the minimal quotient ¥;, and the reduced graph Y are obtained from
a circuit rather than a nondegenerate tadpole. This enables us to classify the possible reduced graphs explicitly by
inequalities in this setting.

Theorem 6.2. Let g, h € Aut(X,), where g is elliptic, h is hyperbolic, d(Ay, Tg) =0, and " = {g, h) is a discrete and
faithful subgroup. Denote | = £ (h). Then the reduced graph Y associated with I can be any of the following:

o [flis even, the reduced graph Y can be any tree satisfying

vallv) -1 1

+—] <Il+2
vEV(Y) [ n—2 2

Except for the case where | = 2 and n = 3, the order of the vertex groups associated with Y can be arbitrarily large.
o Whether I is even or odd, the reduced graph Y can be any unicyclic graph satisfying

val(v) — 1 N l} B Z [val(v)—l N l] <1
vEV(C)

o) [ n—2 2 n—2 2

Here C denotes the unique circuit contained in Y. The associated vertex group orders can be arbitrarily large.

Proof. Letk = [g] > 2. For a vertex v € V(Y, G), consider the number s(v) of edges e incident with v for which

G(e) < G(v):
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e If s(v) < val(v) — k, we say that the vertex v is deficient, and assign the weight w(v) = val(v) — 2 to the vertex.

o If s(v) > val(v) — k, we say that the vertex v is adequate, and assign the weight w(v) = s(v) + k — 2 to the vertex. In
particular, if s(v) = val(v), we say that the vertex is robust.

We have two observations. First, we have w(v) > val(v) — 2 in both cases. Second, s(v) = val(v) — k can be viewed as a
boundary case: although the vertex is adequate, the equation w(v) = val(v) — 2 still holds.

When the graph of groups (Y, G) is reduced to (Y’, G') by shrinking an edge e, the vertices v, and v, incident with e,
of valencies n; and n,, merge into a new vertex v of valency n = n; + n, — 2. Let the corresponding numbers of proper
boundary monomorphisms be sy, 55, and s. If the edge e is single, we have s; <n;—1,5, <n, —1,and s = 57 + 5,. If
the half of e near v, is doubled, then s, > 1 and s = ny; + 5, — 2.

Lemma 6.1. In all cases, we have w(v,) + w(vp) > w(v).
Proof. Case (1): e is single. If one of the vertices, say v,, is deficient, then
s=s1+s<n—-1+n—-k-1=n-k,
implying that v is either deficient or is in the boundary case:
w(v)) + wW(vy) > (n —2) + (ny —2) = w(v).
If both v; and v, are adequate, then either the same argument holds if v is deficient, or
wo)+wy)=s;+5,+2k—4>s+k—-2=w([)

if v is adequate.
Case (2): e is halfway-doubled. Suppose the half of e near v, is doubled. If v, is deficient, then

s=n+s5y—=2<n+nm-2-k=n-k,
implying that v is deficient:

w(v)) +w(vy) > (ny —2) + (ny, —2) = w(v).
If v, is adequate, then either the same argument holds if v is deficient, or

W) +wWy) > M =2)+ (s +k=2)=m+5,-2)+k-2=5+k—-2=w(),
if v is adequate.

O

Now suppose that a discrete subgroup I" acts on the n-valent tree, and that (Y, G) is the quotient graph of groups of
the I'-minimal subtree by I', while (Y, §) is a reduced graph of groups obtained from (Y, Gy). Since the covering tree
of (Yy, Gg) has valency at most n, it follows that val(v) + s(v) < n. It is not difficult to see that w(v) < n — 2 for each
v € V(Y,), with equality holding if and only if (val(v), s(v)) = (n,0) or (k,n — k).

On the other hand, if a vertex v € V(Y) is robust, then we have w(v) = val(v) + k — 2. Since the weight sum of the
graph of groups is non-increasing during the reduction process, v must result from merging at least

[Val(u)+k—2—| _ [Val(u)—l N 1]

n—2 n—2 2

vertices. Consequently,

Y 2 [—Val(")_l + %1 < V).

VEV(Y) n—2
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If Y, is a tree, then Corollary 4.1 implies that

/
V)l =1+EXp)l <1+ 7.
which gives the desired inequality.
If Y} is unicyclic, we sum the vertex-wise inequalities differently by counting the vertices not in the circuit C, twice:

val(v) — 1 f| B [Val(u) -1 1
vEV(C)

4+ - -] <2Vl - V)

vEV(Y) [ n-2 2

Here, C(’) is the set of vertices in Y|, that ultimately merged into C. Since Cé contains the circuit C;,, we have
2IV(Yp)l = IV(CYI < 2[V(Yp)| = [V(Cy)l = 2|E(Yy)| — girth(Yy) <1,

which gives the desired inequality.

We show that each tree or unicyclic graph Y satisfying the inequality can be realized. Indeed, if n > 4, we replace a
vertex v € V(Y) whose valency satisfies k + (i — 1)(n — 2) < val(v) < k + i(n — 2) with a path consisting of a vertex
vy € V(Yy) with (val(vy), s(vg)) = (k,n — k) and i vertices vy, ..., v; with val(v;) < nand s(v;) = 0.If n = 3, we
replace v with a path consisting of two vertices of type (2, 1) and val(v) — 2 vertices of type (3,0). If v is on the circuit
in Y, then let all the vertices v, ..., v; lie on the circuit in Y;;. As shown in the diagram below, our assembly of the
vertices is also compatible with the boundary monomorphism indices on the circuit.

The resulting graph Y, satisfies the inequality requirement, and by Proposition 5.4, we can construct an elliptic-
hyperbolic generated subgroup I' = (g, h) < Aut(X,,) such that I = #(h), d(T,, A,) = 0, and its minimal quotient
graph of groups is (Y|, Gy), with the indices for the boundary monomorphisms agreeing with the selected s(v). Thus,
(Y, @) is a reduced graph of groups associated with I, as claimed.

O

To conclude the discussion from Section 4 through Section 6, we note that Theorem 6.2 has an even more elementary
corollary in the trivalent-tree setting. On the one hand, we note that the construction for Theorem 6.2 with n = 3 ensures
that every non-leaf vertex has type (2, 1) or (3, 0). Together with the admissible condition n, , = 3 for leaf vertices, this
shows that the constructions for Theorem 6.2 and Proposition 5.4 together yield lattices in Aut(X5). On the other hand,
when n = 3, the summation can be simplified:

2 [(val(v) = 1) + 1/2] = Z val(v) = 2|E(Y)].
veV(Y) veV(Y)

These observations imply the following.

Corollary 6.1. Let g, h € Aut(X3), where g is elliptic, h is hyperbolic, £(h) = | and d(Ay, Tg) =0,andT = (g, h)is
a lattice. Then the reduced graph Y associated with I" can be any of the following:

o [fl is even, the reduced graph Y can be any tree with at most % edges.

o Whether | is even or odd, the reduced graph Y can be any unicyclic graph satisfying

4 EX)| < T+2|EO)] + |mp(Y \ O]

Except for the case where | =2 and Y is a tree, the order of the vertex groups can be arbitrarily large.
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Cy Oy Cy 1% 1% Dg S4 Dg D16
l l l
— o — ——9 ———

Figure 6.1: The shorthand used to specify when the edge groups are properly contained in the vertex groups. Any edge in a
graph of groups falls into one of the three cases illustrated above.

=__ﬁ=:%%
?_ﬁzj%%

Figure 6.2: If the edge e is single, then after reduction we keep the style of the other edges incident with v, and v,. If the
half of e near v, is doubled, then after reduction we double the half-edges coming from edges incident with v,, regardless of
their styles before reduction.

i

Figure 6.3: Upper diagram: n = 6 and val(v) = 10. Bottom diagram: n = 3 and val(v) = 4.
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