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ABSTRACT. We prove that the Kéhlerness of a finitely presented, residually finite group is not
determined by its profinite completion, which answers a question asked independently by Arapura
and Libgober. In the proof, we give explicit constructions to characterize the absolute Dynkin
types that admit non-isomorphic real forms of higher-rank Lie groups containing torsion-free
arithmetic lattices with isomorphic profinite completions.

1. INTRODUCTION

In 1959, Grothendieck [Gro60] first introduced the algebraic fundamental group to study the
fundamental group of varieties and schemes. For a complex algebraic variety X, its algebraic
fundamental group 7$(X) is indeed the profinite completion of 71 (X), i.c.

l ~ oy .
m9(X) 2 m(X) = lm m(X)/N.
Nﬂfﬂl (X)
Although the profinite completion of a group records all of its finite quotients, the passage from
a discrete group to its profinite completion generally loses information. In the geometric setting,

L —

it is natural to ask to what extent 71 (X) can be reconstructed from 7 (X).

In 1970, Grothendieck [Gro70] posed the following famous question: Let f : G; — G2 be a
homomorphism between ﬁnltely presented, residually finite groups. If the induced continuous
homomorphism f G1 — Gy is an isomorphism, then must f itself be an isomorphism?

Grothendieck’s question was answered in the negative by Bridson and Grunewald [BGO04].
Moreover, Serre [Ser64] constructed conjugate smooth complex projective varieties X and X7
such that 7?(?) = WF)F) but 71 (X) 2 m (X7).

In Serre’s example, X is a smooth projective variety over C, so m1(X) is a Kéhler group,
namely the fundamental group of a compact Kéahler manifold. Thus, Serre’s example shows that
the profinite completion does not determine a Kéhler group up to isomorphism, even among
Kahler groups. Nevertheless, it leaves open a more geometric recognition problem. Indeed, the
Kéahler property imposes strong restrictions not only on a group itself, but also on its finite-index
subgroups. Since the profinite completion records the system of finite-index subgroups of a group,
it leads to the following fundamental question asked independently by Arapura and Libgober:

Question 1.1. Is the Kdhlerness of a residually finite group determined by its profinite comple-
tion?

In the main theorem below, we answer the Question 1.1 negatively (see Theorem 5.8 for the
specific construction):

Theorem A. There exist infinitely many pairs of finitely presented, residually finite groups
(G1,G2) such that

G1 = G,
where G1 is a Kdhler group and Ga is not a Kdhler group.

Remark 1.2. The restriction to residually finite Kdhler groups is indispensable. Without residual
finiteness, one immediately encounters pathological examples. Indeed, for any Kdahler group G
and any infinite simple group S, a classical example due to Gromov [Gro89] gives G @,
while G * S is not Kdhler. The assumption that G' is finitely presented is also natural from a

geometric perspective, since every Kdhler group is finitely presented.
1
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Although the main theorem shows that, in general, the Kdhlerness of a finitely presented, residually
finite group is not determined by its profinite completion, in [HLIPT25], Hughes, Llosa-Isenrich,
Py, Stover, and Vidussi showed that certain groups are determined within the class of residually
finite Kahler groups by their profinite completion, including products of surface groups and
certain groups with exotic finiteness.

The proof of Theorem A uses arithmetic lattices with isomorphic profinite completions in
different higher-rank semisimple Lie groups. The existence of these lattices is established in
Theorem 4.1(1), and an explicit construction is given in Theorem 4.8. The proof of Theorem 4.1
relies on two main ingredients: Lemma 3.4, motivated by the work of Kammeyer and Kionke
(see [KK21, KK23]), and the construction of algebraic groups that are isomorphic at every finite
place but differ in a prescribed way at certain archimedean places. Allowing multiple noncompact
archimedean places enables us to include Spin(n, 1)-factors while maintaining the higher-rank
condition. Theorem 5.5 then provides the obstruction to Kéhlerness needed to distinguish the
two lattices.

By [KK21],[KK23], the ambient real form is an invariant of the abstract lattice, whereas
profinitely isomorphic arithmetic lattices have the same absolute Dynkin type. This raises the
question of which non-isomorphic real forms of a fixed absolute Dynkin type admit arithmetic
lattices with isomorphic profinite completions. We answer this question in Theorem B, which
summarizes Propositions 3.6, 3.10, and 3.13, Theorem 3.15, and Remark 3.16.

Theorem B. Let G,G’ be non-isomorphic higher-rank simply connected real forms of the
same absolute type other than Eg. They admit torsion-free cocompact arithmetic lattices with
isomorphic profinite completions if and only if they are a pair of compatible indefinite spin,
unitary, or quaternionic symplectic groups of type By, Dy (€ > 4), Ay (€ >6), or Cy (£ > 6),
real and quaternionic special linear groups of type Agn—1 (n > 2), or the split and minimally
non-compact real forms of type E7 or Eg.

Remark 1.3. After our first draft, Py and Isenrich pointed us to Aka’s work. In [Akal2,
Theorem 1], Aka also constructed pairs of simply-connected absolutely almost simple algebraic
groups of the same classical absolute Dynkin type (D(n+1)/2 if n is odd and By, if n is even,)
in Spin(1,n)? and Spin(5,n — 4)2 for n > 6. Also, after our first draft, Holger Kammeyer and
Adrian Baumann brought their recent work [BK26] to our attention. They establish classification
results for congruence rigidity of algebraic groups over number fields. Our Theorem B addresses
the related question of which absolute Dynkin types admit distinct higher-rank real forms con-
taining arithmetic lattices with isomorphic profinite completions. In Section 3, we give explicit
constructions of the arithmetic lattices for each case of Theorem B. These constructions play an
essential role in the proof of Theorem A.

Theorem B, together with Theorem 4.8 (see Theorem 4.1 and Proposition 3.10 for the explicit
constructions), can be used to study the profinite invariance of properties related to the ambient
real form or the geometry of its symmetric space. We hope it can be useful in the forthcoming
work: for example, note that the construction in this paper does not arise from the Grothendieck
pair. It is natural to ask if the Grothendieck pair would help determine the Kéhlerness:

Question 1.4. Let f: G1 — G2 be a homomorphism between finitely presented, residually finite
groups. If the induced continuous homomorphism f : G1 — Ga is an isomorphism, if Gy (resp.
G2) is Kdhler, then must G (resp. G1) be Kdhler too?
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2. PRELIMINARIES

We first list some basic definitions, notations, and facts that will be used later. Throughout
the paper, k denotes a number field and Oy, its ring of integers. A place of k is an equivalence
class of nontrivial absolute values on k, where two absolute values are equivalent if they induce
the same topology on k. The places of k are divided into archimedean places and finite places.
Write Vo (k) and Vy(k) for its sets of archimedean and finite places, respectively. For each place
v, let k, be the completion of k at v. A real place corresponds to an embedding k& <— R, and a
complex place to a conjugate pair of embeddings k < C; the corresponding completions are R
and C, respectively. Finite places correspond to nonzero prime ideals of Q. If v lies above a
rational prime p, then £, is a finite extension of Q.

For a linear algebraic k-group G, write G, := G Xxj k, for its base change to k,, and
G(ky) = Gy(ky) for its group of k,-rational points, equipped with its natural topology. We say
that two algebraic k-groups G and H are isomorphic at v if G, =, H,.

Using the identification k¥ ®g R = [[,cv,_(x) kv, we have

G(k®gR) = H G(ky).
vEVo (k)
Definition 2.1. Let G be a connected reductive algebraic group over a number field k, and let v
be a place of k. We say that G is k,-anisotropic at v if rank,, G = 0; otherwise, G is said to be
k,-isotropic at v.
Definition 2.2. For a linear algebraic k-group G, fiz a faithful k-representation p : G — GLy.
Define
G(O) = G(k) N p~Y(GL(N, Op)).
We say a subgroup I' < G(k) is arithmetic if I' is commensurable with G(Oy). The defined
commensurability is independent of the choice of the faithful k-representation p.

2.1. Congruence subgroup property and the finite adelic groups. Now we list some
results from [KK23] regarding the congruence subgroup property and the finite adelic groups that
we will cite later in our paper. We first state a theorem originally from Borel and Harish-Chandra
[BHC62] but reformulated by Kammeyer and Kionke:

Theorem 2.3. [KK23, Theorem 2.5(a)] Let k be a number field, let H be a simply connected
simple linear algebraic group over k, and let I' < H(k) be an arithmetic subgroup. Assume that
Heo :=Tlvevi. (i) H(ky) is not compact, where Voo (k) is the set of archimedean places of k, then
T is a lattice in Hy,. Moreover, if H(k,) is compact for some archimedean place v, then T' is
cocompact.

Definition 2.4. For a finite place v, let O, C k, be its valuation ring. The ring of finite adeles
1s the restricted product

/
A,]; = H ky = {(xy) : zy € ky for every v, x, € O, for all but finitely many v} .
veVy (k)

Lemma 2.5. [KK23, Lemma 2.6] Let k be an algebraic number field and let G, H be two
semi-simple linear algebraic groups over k. If G and H are isomorphic at all finite places, i.e.,
G X ky = H Xy ky for all v € Vi(k), then

G(A]) = H(A])

as topological groups.
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In the following definitions, let k& be a number field and G be a simply connected, absolutely
almost simple algebraic group k-group, and let I' be an arithmetic subgroup of G(k).

Definition 2.6. We define the profinite completion of I' by

[:= lim T/N,
NeN ()
where N'(T') denotes the set of finite-index normal subgroups of T.
We define the congruence completion of I' by

T = 1£1 /M,
Mec(T)
where C(I") denotes the set of normal congruence subgroups of I.
The inclusion C(I') C N(T') induces a canonical homomorphism I' — T.

Definition 2.7. We say that T' has the congruence subgroup property (CSP) if the canonical
homomorphism,

[ T,
from the profinite completion to the congruence completion has a finite kernel.

We say that G(k) has the CSP if some, equivalently every, arithmetic subgroup T' < G(k) has
the congruence subgroup property.

Theorem 2.8. [KK23, Theorem 2.4] Let H be a simply connected, absolutely almost simple
algebraic group over a number field k. Suppose that H has the absolute type:
By with £ > 2, Cp with £ > 2, Dy with £ > 5, E7, Bg, Fy, Go, that k is not totally imaginary, and
that
Z ranky, H > 2.
V€V (k)

Then H has the congruence subgroup property.
We next use the adelic consequence of CSP:

Theorem 2.9. [KK23, Theorem 2.5 (b)] Let H be a simply connected simple algebraic group
over a number field k, and let A < H(k) be an arithmetic subgroup. Suppose that

Ho:= ]| H(kv)
vE€Vo (k)
is noncompact and that H has CSP. Then there exists an open subgroup V of the profinite
completion A and a compact open subgroup K < H(Ag), and a topological isomorphism V = K.

2.2. Consequences of Profinitely Isomorphic Lattices. It is known by Kammeyer—Kionke
that profinitely isomorphic lattices have adelic superrigidity:

Theorem 2.10. [KK21, Theorem 3.4] Let G and H be simply connected and absolutely almost
simple groups of rank > 2, respectively over k and l. Suppose there are arithmetic subgroups
I < G(k) and ! < H(l) with T 2 T'. Then there exists an adeles isomorphism j : A{ — Ai

together with an isomorphism G Xy, A£ — H x; Alf over j.

When k,I = Q, this implies that G and H agree at every finite place p, and one has a
characterization from the symmetric space of their real places:

Proposition 2.11. [KKRS20, Proposition 2.5] Let G and G’ be semisimple linear algebraic
groups over Q, such that Lie(G)(Q,) = Lie(G')(Q,) for every prime p. Then their associated
symmetric spaces X = G(R)/K and X' = G'(R)/K’ satisfies that dim(X) = dim(X’) mod 4.

Echtler and Kammeyer provide another necessary condition for profinitely isomorphic lattices
in terms of their real places.
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Definition 2.12. Let G and H be algebraic groups over a field F' which become isomorphic
over the algebraic closure F. They are said to be inner forms of one another if there exists an
isomorphism ¢ : Gz — Hy such that for every o € Gal(F/F), the automorphism o lo%:
Gf — Gf s in IDD(GF)

Proposition 2.13. [EK24, Proposition 8] Let G and H be simply connected and absolutely
almost simple groups of rank > 2, respectively over k and l. Suppose G(k) has a unique isotropic
archimedean place v, and H(l) has a unique isotropic archimedean place w. If there are arithmetic
subgroups T < G(k) and I" < H(l) with T =T, then G(k,) and H(l,) are inner twists of each
other.

2.3. Central simple algebras and Brauer classes. Let A be a central simple algebra over k,
that is a finite-dimensional associative simple k-algebra with center Z(A) = k. In particular, a
4-dimensional central simple algebra A/k is isomorphic to a quaternion algebra over k.

By the Artin-Wedderburn theorem, there exists a unique central division algebra D/k, up to
isomorphism, and a positive integer r such that A = M, (D).

Definition 2.14. Two central simple algebras A/k, A'/k are Brauer equivalent if their underlying
central division algebras D /k and D'/k are isomorphic. We denote by [A] the Brauer class of A.

The set of Brauer classes forms a group, under the tensor product operation ([A1],[As2]) —
[A1 ®p Ag], called the Brauer group of k and is denoted by Br(k).

For a place v of k, the local Brauer group Br(k,) is isomorphic to Q/Z if v is non-archimedean,
is isomorphic to 3Z/Z C Q/Z if v is real, and is trivial if v is complex.

Theorem 2.15 (Albert—Brauer—Hasse—Noether). For a place v of k, denote the corresponding
local invariant map by inv, : Br(k,) — Q/Z. Then for every central simple algebra A/k, one has

> invy ([A @y, k) = 0 € Q/Z.

3. ON THE PROFINITE RIGIDITY OF SIMPLE LIE GROUP LATTICES

In this section, we prove Theorem B (see Propositions 3.6, 3.10, and 3.13, and Theorem
3.15 for more details). By Theorem 2.10, profinitely isomorphic arithmetic lattices in algebraic
groups of rank > 2 induce a bijection between the finite places of their number fields, under
which the corresponding local fields and algebraic groups are isomorphic. After base change to
algebraic closures, these local isomorphisms yield an isomorphism of the absolute root systems of
the ambient algebraic groups. On the other hand, we are concerned with whether different Lie
groups of the same absolute Lie type can possess lattices with isomorphic profinite completions.

3.1. An exact isomorphism after passing to finite index. The following two facts (see
Lemma 3.1 and Lemma 3.2) are standard, we include the proof for the sake of completeness:

Lemma 3.1. Let I' be a residually finite group and let H < T" be a finite-index subgroup, then
the closure H of H in T is open and that TN H = H.

Proof. Define C':= (,¢p vH~~!. Note C is actually the kernel of the action of ' on the finite
set I'/H, thus C is a finite-index normal subgroup of I'. Since I'/C is finite, it is a discrete
profinite group. Now by the universal property of profinite groups, ¢ : I' — I'/C' extends
uniquely to a continuous surjection g : I' — I'/C. Moreover, Wy := ¢~ }(H/C) is an open and
closed subgroup of T'. It’s easy to see I' N Wy = ¢~ (H/C) = H. Because T is dense in I’ and
Wy is open, the intersection I' N Wy = H is dense in Wy. On the other hand, Wy is closed
and contains H. It follows that H = Wy. So we can conclude that H = Wy is open in [ and
I'NH=TNWg=H. O

Lemma 3.2. Let I' be a residually finite group and V C T s open, then G :=T'NV has finite
index in I
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Proof. Since V is open in the compact (topological) group f, it has finite index. Consider the
map of coset spaces

¢:T/G—T)V, ~G+—AV.

Note ¢ is injective: if 11V = 4V, then 72_171 e VNI = (G, and hence G = v G. ¢ is also
surjective. Indeed, every coset xV is open inAF, so the density of I implies that =V contains
some v € I'. Then 2V =~V. Thus [': G] = [I': V] < o0. O

Proposition 3.3. Let I'y and I's be residually finite groups. Suppose that there are isomorphic
open subgroups U; < T';. If each I'; has a torsion-free, finite-index subgroup, then there are
torsion-free, finite-index subgroups G; < T'; such that G1 = Gs.

Proof. Let ¢ : Uy — Uz be an isomorphism. Choose torsion-free finite-index subgroups 7; < I';
and denote their closures in I'; by T;. Since T; has finite index in I'; (thus also residually finite),
by Lemma 3.1, T; is open in I'; and I'; N T; = T;. Set

Vi=U; ﬂTlﬂg?_l(UQ QTQ), VQZ(,D(Vl)

Then Vj; is open in f, (hence V; is profinite) and ¢ restricts to an isomorphism V; = V5. Define
G; :=T1;NV;. By Lemma 3.2, each G; has finite index in I';. Also note G; < Tj, hence it is
torsion-free. Moreover, I'; is dense in IA“Z and V; is open, G; = I'; NV is dense in V;, thus G; = V;.
Now since G; = I'; N'V; has finite index in I';, it’s easy to see that the profinite topology on G;
induced from I'; (and thus from V;) is the full profinite topology of G;. Consequently, completion
of the inclusion to the profinite group V;:G; <— V; gives a topological inclusion: G G — Vi,
which is actually also a surjection since G; is dense in V;, thus we get a topological isomorphism
G V;. Therefore G1 =2V =h=E G2 O

Lemma 3.4. Let k be a number field, and let G;, i = 1,2 be two non-isomorphic simply
connected and absolutely almost simple k-groups. Suppose that for i = 1,2, G;(k) has the
congruence subgroup property, G;  := Hvve(k) G;(ky) is noncompact, and for any finite place
v € Vi(k), the completions

G X ky = Gog X, ky.
Then there exists torsion-free arithmetic lattices
' < Gi(k), T2 < Go(k),
such that the profinite completions IRE=20Y

Proof. By assumption, for every finite place v of k, G1 Xy ky = Go X ky. By Lemma 2.5, there
is an isomorphism of topological groups ®: Gl(Ai) = Gz(Ag). Let A; < Gyi(k),i = 1,2 be
arithmetic subgroups; for example, we can take A; = G;(Oy). Since G; « is noncompact and G;
has the congruence subgroup property, by Theorem 2.9, there exists an open subgroup V; < Ai,
and a compact open subgroup C; < Gi(Ag), such that there is a topological isomorphism
0;: V; 2 C; for each i =1, 2.

Define L := ®(C1) N Cs. Since ¢(C4) and Cy are compact open subgroups of GQ(A£)7 their
intersection L is a compact open subgroup. Moreover, L is open in both ®(C7) and Cy. Define

Uy =074 (L)) < W, Uy := 051 (L) < Va.

The subgroup ®~1(L) is open in C1, and L is open in Cy. It follows that U; is open in V;,
thus open in A The comp051t1on Y= 0y Lo ® 0 0; restricts to a topological isomorphism
: Uy = Uy. Thus Al and Ag contain isomorphic open subgroups.

The arithmetic groups Ay and As are residually finite by Mal’cev’s theorem and have torsion-
free finite-index subgroups by Selberg’s lemma. Proposition 3.3 therefore applies and gives
torsion-free finite-index subgroups I'; < A;,7 = 1,2, such that fl = fg. Since finite-index
subgroups of arithmetic groups are arithmetic, each I'; is an arithmetic subgroup of G;(k). O
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Corollary 3.5. Fori=1,2, write Gj oo = [lyev. (x) Gi(kv) as in Lemma 3.4 as a product of
compact and non-compact factors:

__ e C
Gi,OO — Gi,OO X G’i,OO‘
—~

ne - in particular, T'1 = Ty.

Then T'; is isomorphic to a irreducible lattice T; in Gl

. C . . . Enl .
Moreover, if Gwo is non-trivial, then I'; is cocompact.

Proof. By the Theorem 2.3, the noncompactness of G; o, implies that A;, and hence I';, is a
lattice in Gj 0. If Gj(ky) is compact for some archimedean place v, then the same theorem
implies that this lattice is cocompact.
Projection onto G?‘éo sends I'; to a lattice. Its kernel I'; N vaoo is finite, since I'; is discrete and
G  1s compact. Since I'; is torsion-free, the kernel is trivial. Thus I'; is naturally isomorphic
to its image in G7¢..

Since G; is absolutely almost simple over k, the standard irreducibility theorem for arithmetic

lattices implies that the image of I'; in G}¢, is irreducible; see [LS03, Section 7.2]. O

3.2. Profinite Non-rigidity of Simple Lie Groups. In the following sub-subsections, we
construct families of pairs of simply connected absolutely almost simple k-groups G and G’ of the
same absolute Dynkin type Ay, By, Cy, or Dy such that G, = G, for every finite place v € V¢(k),
while G, # G/, for some real place w € Vi (k). Applying Lemma 3.4 and Corollary 3.5,
these constructions yield arithmetic lattices in different archimedean forms with isomorphic
profinite completions. Thus the profinite completion of an arithmetic lattice does not, in general,
determine the archimedean form of its ambient algebraic group.

Throughout this subsection, unless otherwise stated, let « be an algebraic unit such that
k = Q(«) is totally real, with r; > 1 real embeddings v1,..., v,, at which it is positive, and
exactly one distinguished real embedding at which « is negative. The choice of a may vary
between constructions.

3.2.1. Classical Real Form Constructions.

Proposition 3.6. There ewist torsion-free cocompact arithmetic lattices I’ < G, IV < G" with
profinite completions r~r satifying any of the following:
e G = Spin(m,n), G' = Spin(m/,n’), whered=m+n=m'+n' > 8, m,n,m';n" > 2,
and mn = m/n’ mod 4;
e G=SU(m,n), G =SU(m/,n'), whered=m+n=m'+n">7 m,nm',n' > 2, and
mn = m/n’ mod 2;
e G =Sp(m,n), G'=Sp(m/,n'), whered=m+n=m'+n">6 and m,n,m’,n’ > 2.

Remark 3.7. The algebraic groups used in the three constructions above are simply connected
and absolutely almost simple of classical absolute Dynkin type. If d = m +mn =m/ +n/, then the
spin groups have absolute type By when d = 20+ 1 and Dy when d = 2¢; the special unitary groups
have absolute type Aq—1; and the quaternionic unitary groups giving the real forms Sp(m,n) have
absolute type Cy. These identifications, together with the dimensions of the associated symmetric
spaces, are summarized in Table 1 in Appendiz A. After projecting away the compact archimedean
factors, the ambient Lie groups are precisely the groups denoted G}<_ in Corollary 3.5.

1,00
We first construct the defining forms and verify that the associated algebraic groups are
isomorphic at every finite place:
Lemma 3.8. e Suppose m,n,m’,n’ >2, m+n=m'+n'=d, and 4| (m —m’). Define
q= (1M alrhy g =l oy
and let G = Spin(q) and G’ = Spin(q’) be the associated spin k-groups. Then for every
finite place v of k,
G Xk /CU ~ G’ Xk k‘v.
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e Suppose a unit a € k satisfies that o,(a) < 0 at every real place (e.g., a = —1),
E = k(\/a), myn,m';n’ > 2, m+n=m'+n" =d, and 2 | (m —m'). Define the
E/k-Hermitian forms
h= @1 oy g =l gy,
and let G = SU(h, E/k) and G' = SU(KW', E/k). Then for every finite place v of k,
G xp ky 2 G %1 k.
o Suppose units a,b € k satisfies that o,(a), o,(b) < 0 at every real place (e.g., a =b=—1),
B = (a,b); be a quaternion algebra, m,n,m’,n’ > 2, and m +n =m'+n' = d. Define
the quaternionic Hermitian forms
h= @ oy g =l gy,
and let G = Sp(h, B/k) and G’ = Sp(h/, B/k). Then for every finite place v of k,
G Xk kv = G, Xk k‘v.
Proof. Case (1): spin groups. By [Lam05, Chapter VI, Theorem 2.12], a nondegenerate
quadratic form over a non-archimedean local field is determined up to isometry by its dimension,
determinant square class, and Hasse invariant. Let v be a finite place of k. For g = <1[m], a[”}>,
the determinant square class is
[det ()] = [a"]u € k' / (k)2
and the Hasse invariant is
eo(a) = [[ (a1, a5)0 = (@, )" /2,
i<j
because (1,1), = (1, @), = 1.

Since 4 | (m —m’), 4| (n —n’), hence ¢ and ¢’ have the same determinant square class and
the same Hasse invariant at every finite place, so ¢ @ ky = ¢’ @4 k. Therefore, the associated
spin groups are k,-isomorphic.

Case (2): unitary groups. If v splits in E/k, then E, = k, X k,, and

SU(h, Ey/ky) = SL(d, ky),
independently of the Hermitian form h.

Suppose that v is nonsplit, so E,/k, is a quadratic field extension. Hermitian forms over
E,/k, are classified by their dimension and determinant class in

ky /NE, 1, (E5).
Since 2 | (m —m’), n —n’ is also even, so

det(h) I

det(n') —

is a square in k., hence a norm from E). Thus h and h’' have the same local determinant
invariant, and the corresponding special unitary groups are k,-isomorphic.
Case (3): symplectic groups. If B, is split, then B, = Ms(k,), and Morita equivalence
gives
Sp(h, By /ku) = Sp(2d, k),
independently of h.
If B, is division, the reduced norm map

Nrd : B} —s k

is surjective. Hence, all nondegenerate Hermitian forms of a fixed dimension over B, with respect
to the canonical involution are isometric. In particular h ®y k, = h' ®y k,, and the corresponding
k,-groups are isomorphic. U

The remaining spin cases require local similarities rather than isometries. In one of these
cases, we also modify a diagonal coefficient by a totally positive element:
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Lemma 3.9. Let d > 6 be even, and let m,n,m',n’ > 2 satisfy
m+n=m'+n"=d, m=n (mod 4), m' =n" (mod 4), m—m'=2 (mod 4).
e Ifd/2 is odd, there exist o so for the quadratic forms
q= (1" alrhy o =l oy
and G = Spin(q) and G’ = Spin(q’),
G xp ky = G %y, ky,
for every finite place v of k.

e Ifd/2 is even, there exist o and B, B is positive at every real place, so for the quadratic
forms

g= (1" g al), g = (10, 5L al),
and G = Spin(q) and G’ = Spin(¢’),
G xp ky = G %y, ky,
for every finite place v of k.

Proof. For both cases, we assume that the minimal polynomial of « is irreducible modulo 2, so
that k has a unique place vy above 2.

Case (1): d/2 is odd. Assume in addition that [k : Q] is even. At every finite place not
above 2, an argument similar to Lemma 3.8 gives the required local isomorphism. At wvo, Hilbert
reciprocity gives (a, a),, = —1. For A € k¢, bilinearity of the Hilbert symbol gives

03
e (Ag) = (A, N2 (0 Xa)m (A, Aa)nin=1)/2
= (A, =), €0,(a)-
Since [k : Q] is even and « is negative at exactly one real place, the number of real places at
which —a is negative is odd. Hilbert reciprocity therefore gives
(—a, =)y, = —1,

so —a is not a square in k,,. Hence there exists A € k5, with (A, —a),, = —1. It follows that

€vo (AQ) = €y (Q) = €yy (q/)'

Because d is even, scaling by A does not change the determinant square class, and therefore
Aq = ¢ over k,,. Since scalar multiples define the same special orthogonal and spin groups, the
two spin groups are locally isomorphic at vy as required.

Case (2): d/2 is even. Assume [ is not a square in k,,. Such a choice of a and f3 is possible;
for example, take o to be a root of

flz)=a%—32> — 220 +1

and put 8 = a + 1. The reduction of f modulo 2 is irreducible. A direct comparison modulo 4,
using o = 302 + 2a — 1, shows that 3 is not a square in k,,.

Since £ is totally positive, these forms have signatures (m,n) and (m/,n’) at the distinguished
real place and are positive definite at every other real place. Their determinant square classes
agree at every finite place. For a finite place v 1 2,

co(@) = (, B)p(a, )i 02 ey(q) = (@, B) (@, )y I,

Here (o, ), = 1, and n —n' is even, so the Hasse invariants agree. At v, for A € kS, one
similarly obtains

Evz()‘Q) = ()‘7 6)1)261)2 (Q) = _()‘7 /6)'026'02 (C]/).

Since (3 is not a square, choose A with (A, 8),, = —1. Then A\q = ¢’ over k,,, so the associated
spin groups are locally isomorphic at every finite place. O
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Proof of Proposition 3.6. Since m +n =m/ +n' = d, we have
mn —m'n' =m(d—m)—m'(d—m') = (m—m')(d—m—m') = (m—m')(n—m).

Up to interchanging m and n, which preserves the isomorphic type of GG, the modulo condition
in case (1) implies either 4 | (m —m/), or m —m/ =n —m’ = 2 mod 4. The modulo condition in
case (2) implies 2 | (m — m/).

Case (1): spin groups. In the two subcases, Lemma 3.8, case (1), and Lemma 3.9 provide
algebraic groups G and G’ that are isomorphic at every finite place. As spin groups of quadratic
forms of dimension at least 5 and have real rank > 2, Kneser’s congruence subgroup theorem
[Kne79] implies that both G and G’ have CSP. Lemma 3.4 therefore yields torsion-free arithmetic
subgroups

L <Gk), TI'<G'k),
with isomorphic profinite completions. N
By the Borel-Harish-Chandra theorem (Theorem 2.3), I is a lattice in

G(k®qgR) = H Spin(q ®y, ky).
VEVoo (k)

At a real place v with o,(a) > 0, the form ¢ is positive definite and the corresponding factor is
Spin(d). At the distinguished real place with o,(a) < 0, the factor is Spin(m,n). Counting the
number of different type of real places, we obtain

G(k ®qg R) = Spin(d)"* x Spin(m,n).
Project away from the compact factor Spin(d)"™+ and put
I = pr(D).

The kernel of pr|~ is finite because it is a discrete subgroup of a compact group. Since T is

7
torsion-free, this kernel is trivial. Thus I' = I'. Because ry > 1, Corollary 3.5 gives cocompactness
and irreducibility. The same argument for G’ produces I/ & I’. Therefore ' & I".

Case (2): unitary groups. Lemma 3.8, case (2) provides algebraic groups G and G’ that
are isomorphic at every finite place. The groups G and G’ are simply connected absolutely
almost simple outer k-groups of absolute type Ay_1. Since k is not totally imaginary and the
groups are assumed to have archimedean rank at least 2, Kammeyer and Kionke’s congruence
subgroup theorem [KK23, Theorem 2.4] applies to these special unitary groups of type 244 1.
Lemmas 3.4 therefore give torsion-free arithmetic lattices in G(k) and G’(k) with isomorphic
profinite completions.

Since o,(a) < 0 at every archimedean place, the quadratic algebra F, = C. The archimedean
factor in the Borel-Harish-Chandra theorem is SU(m,n) when o,(«) < 0 and the compact group
SU(d) when o,(a) > 0. Consequently,

G(k ®gR) = SU(d)™ x SU(m,n).

The same formula holds for G’ with (m,n) replaced by (m’,n’). Projecting away the compact
SU(d)™+ factors is injective on the torsion-free arithmetic subgroups and preserves irreducibility
and cocompactness as claimed.

Case (3): symplectic groups. Lemma 3.8, case (3) provides algebraic groups G and
G’ that are isomorphic at every finite place, with absolute type Cy. Since k is not totally
imaginary and the groups are assumed to have archimedean rank at least 2, Kammeyer and
Kionke’s congruence subgroup theorem [KK23, Theorem 2.4] applies to these groups of type
Cy4. Lemmas 3.4 therefore give torsion-free arithmetic subgroups with isomorphic profinite
completions.

Since a and b are negative at every archimedean place v, B, is non-split and isomorphic to
H. The factor groups are Sp(m,n) or the compact form Sp(d), depending on the sign of o, («).
Thus

G(k ®gR) = Sp(d)™* x Sp(m,n),
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and similarly for G’. Projection away from the compact factors is injective on the torsion-free
arithmetic lattices and preserves irreducibility and cocompactness, so the conclusion follows. [

3.2.2. Tits Constructions. We obtain the following pairs in the exceptional Lie algebra types:

Proposition 3.10. There exist torsion-free arithmetic lattices T' < G, TV < G’ with isomorphic
profinite completions if the simple Lie groups G, G’ satisfy any of the following:

o G = E6(2) and G' = EG(—14)7

[ ] G == E7(7) and G/ = E7(_25).

o G = Eg(g) and G/ = E8(724)'
Here, T and I are cocompact for the E7 and Eg cases.

In addition, assuming the congruence subgroup property for anisotropic groups of type Fg,

which remains open in general, we can also let G = Eg) and G' = Eg(_26); moreover, I and I’
for both Eg cases may be chosen cocompact.

For the exceptional real forms, we use Tits’ construction from composition algebras and Albert
algebras [Tit66a].

Lemma 3.11. In each of the following cases, there ezists a real quadratic field k = Q(«) with real
places v, v, and two Albert algebras A, A’ over k, with the predicted real place identifications:

o Ay, is isomorphic to the split real Albert algebra, while A;, , Ay, and Aj, are all isomorphic
to the compact one.

o Ay, is isomorphic to the split real Albert algebra, A, is isomorphic to the intermediate
one, while both A, and A;,, are isomorphic to the compact one.

Proof. In this proof, we suppose that the two real places are such that o,, (o) > 0 and o, (a) < 0.
Take units a,b, ¢ € k that are negative at both real places, and a distinguished unit ¢ with
o, (¢) > 0 and o, < 0; for example a = b = ¢ = —1 and ¢ = «. Define the octonion algebras
C = (a,b,c); and C’" = (a,b, )k, then C and C’ satisfies that

Cy, =20, C,, =C,=C, =0.
(1) Consider the octonionic Hermitian form h = (15]), and Albert algebras
A= H;3(C,h), A = Hs3(C' h).
Therefore,
Ay = H3(0,), A, = A, = A, = H3(0),

which are split and compact, respectively.
(2) Consider the octonionic Hermitian form h = (112, —alll), and Albert algebras

A= H3(C,h), A = H;3(C' h).
The construction of h satisfies that
he, = (12 1y oy, = (1Bl
Therefore,
Ay = H3(0s), A, = H3(0,(1,1,-1)), Ay, = A, = H3(0),
which are, respectively, the split, intermediate, and compact real Albert algebras, as desired. [

Remark 3.12. When k = Q, the construction C/Q = (—1,-1,1)g, C'/Q = (—1,—-1,—1)q,
and h = (12, 1Y produces Albert algebras A)Q and A’/Q similar to case (2) at the real place,
namely, Ao is split while AL_ is intermediate.

Proof of Proposition 8.10. Take units a,b,c € k that satisfy the condition in the proof of
Lemma 3.11, e.g., a = b= —1 and ¢ = «a.

Case (1): G is split. Take the quadratic field extension E = k(y/c), quaternion algebra
B = (b, ¢)g, octonion algebra C' = (a, b, ¢), and Albert algebras A, A’ in Lemma 3.11, case (1).
For the Eg case, we let

G=G(AE), G =GAE).
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For the E7 case, we let

G =G(A,B), G'=G(A, B).
For the Eg case, we let

G=G(A0), G =G4, 0).

At each finite place w of k, there is a single isomorphism type of Albert algebra over k,, (see,
e.g., [Sch11]), thus G,, = G/,. On the real places, we have

By, R xR, E, ~C, B, =M(R), B, ~H, C, >0, C,=0.

Using the identification of the real forms arising from Tits’s magic-square construction in [BS03,
Sections 3 and 7], in the three cases of G and G’, we have

G, = Eg), G, = Eo(-26), Guy = G, = Eg(_1s),

or
Gy, = By, Gy, = Er_as), G, = G, = Ey_y33),
or
Gy, = Ey), Gy, = Eg_a1), G, 2 Gy, = Ey_oug).
For the E7 and Eg groups, the congruence subgroup property is known, so Lemma 3.4 and
Corollary 3.5 give torsion-free cocompact lattices with isomorphic profinite completions. The
same conclusion holds for the Eg pair under the stated assumption on the congruence subgroup
property for anisotropic groups of type FEg.
Case (2): G is quasi-split. Let A and A’ be Albert algebras as in Lemma 3.11, case (2),
and quadratic extension F = k(y/a). Tits’ construction gives simply connected groups, [GP07]

G=G(AE), G =GAE).
Again, H3(C) and H3(C") are isomorphic at each finite place w, thus G,, = G/,. For the two
real places v1 and vo, E,, = E,, = C are fields, thus [GP07, 4.4] implies that G, and G/, are

of type 2FEg. In particular, together with the real forms of A and A’ as described in Lemma 3.11,
the corresponding real forms are identified in [Jac71]:

Gy, = Ego), Gy, = Eg_11),  Go, = Gy, = Eg(_rs).
That is to say,
G(k®qR) = Eg9) X Eg_78), G'(k®qR) = Fg_14) X Eg(_78)-

The compact factor Eg_7g) implies that G and G’ are anisotropic over k. Assuming the
congruence subgroup property for these anisotropic k-groups of type ?Eg, Lemma 3.4 together
with Corollary 3.5 thus yields cocompact torsion-free lattices I' < Eg(9) and I < Eg(—14) with
isomorphic profinite completions.

Alternatively, consider k = Q, E = Q(v/—1), and the Albert algebras A/Q and A’/Q resulting
from Remark 3.12. Since the Hermitian form h = (112, —111) satisfies the condition in [GP07,
Proposition 6.1], the proposition implies that Q x F is a subalgebra of both A and A’. By
[GP07, Theorem 0.2], G = G(A, E) and G’ = G(A', E) are isotropic. Therefore, by [KK23,
Theorem 2.4], both satisfy the congruence subgroup property. Lemma 3.4 and Corollary 3.5 then
yield profinitely isomorphic torsion-free non-cocompact lattices I' < Fg (o) and I < Eg—14)- U

3.2.3. Outer Real Forms of Type A4n—1. The remaining type A pairs arise from unitary groups
over algebras with involutions of the second kind:

Proposition 3.13. For every n > 2, there exist torsion-free cocompact arithmetic lattices
I' < SL(4n,R), I < SL(2n, H),
with T 2 T".
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Lemma 3.14. Suppose additionally that o has degree 2, and the minimal polynomial of v is
irreducible modulo 2. Let E = k(y/a), where a € O} such that 0y, (a) > 0 and oy, (a) <0, e.g.,
a = a. Then the central simple E-algebras,

A=My(E), A'=(-1-1)g,
at the two real places vi,ve of k are
Ay, = My(R) x Ma(R), A, = H x H, Ayy = A, = My(C),
while A, = Al for every finite place w of k.
Proof. The real places of E are
E, 2R xR, E,, =C.
Hence the matrix and quaternionic E-algebras A and A’ at the places v; and vy are
Ay, = Ms(R) x M(R), A, =H x H,

and

Ay, = A, = M;(C).

Let w be a finite place of k. If w lies above an odd prime p, then the Hamilton quaternion

algebra (—1, —1)q splits over Q,, so

Al = My(Ey,) =2 Ay,
Above 2, irreducibility of the minimal polynomial modulo 2 gives a unique place w with

[kw : Q2] = 2. The local invariant of (—1,—1)g at 2 is 1/2, hence after restriction to k,, it
becomes

1
Thus (—1,—1),, is split, and again A}, = Msy(E,,) = A,. O

Proof of Proposition 3.13. Let k, E, A, A’ be as in Lemma 3.14. Let — denote the nontrivial
k-automorphism of E. Define unitary involutions

T:A— A, T(X)=X",
and
T A — A T (w0 + @i+ @) + asif) =T — Tl — 7o — T3
Using the standard Hermitian form h = (12"), put
G =SU(2n, A, 7), G' =SU(2n, A', 7).
At vy, the involutions identify with
T (XY)— (YT,XT), i (ay) — (v, 2,
and therefore
G(ky,) = SL(4n,R), G/(ky,) = SL(2n, H).
At vg, both involutions become conjugate transpose on My(C), so
G(ky,) = G,(k'vz) = SU(4n),
which is compact.
Let w be a finite place. If E/k splits at w, then
Ay = AL 2 My(ky) x Ma(ky),
and both local groups are isomorphic to SL(4n, k). If E,/k, is a field extension, Morita
equivalence identifies
SU2n, Ay, Tw) = SUAn, By /ky, hy),
and

SU(2n, A}, 1.,) = SU(4n, Ey/ky, hl,),

w?r tw
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where hy, = (11*") and b/, = hg?" for a two-dimensional Hermitian form hg. Hence
[det ()] = [det(ho)*"] = [1] = [det(hw)] in Ky /N, sk, (Ey)-

The local Hermitian forms therefore have the same determinant invariant, and the corresponding
special unitary groups are k,-isomorphic. Thus G and G’ are isomorphic at every finite place.

Via Morita equivalence, G is a special unitary group attached to a 4n-dimensional Hermitian
form over E/k, the congruence subgroup property follows from [KK23]. For G’, the group
is a special unitary group of Hermitian dimension 2n over the quaternion division algebra
A" = (=1,—-1)g, with respect to the involution 7" of the second kind. Since it has Hermitian
dimension 2n > 4 and real rank 2n — 1 > 2, Tomanov’s congruence subgroup theorem for such
quaternionic unitary groups applies; see [Rap99, Theorem 3 and the discussion in page 178|.
Lemma 3.4 and Corollary 3.5, together with the compact factor at vs, now give torsion-free
cocompact lattices

I' < SL(4n,R), I < SL(2n,H),

with isomorphic profinite completions. O

3.3. Classification of Profinite Rigidity across Real Forms. Let G and G’ be non-
isomorphic simply connected simple real Lie groups of real rank at least 2 and of the same
absolute Dynkin type. We now classify when they can contain torsion-free lattices with isomorphic
profinite completions.

Theorem 3.15. Let G and G’ be non-isomorphic simple real Lie groups of the same absolute
Dynkin type. Also, suppose they are simply connected, with real ranks at least 2.

(1) If, up to interchanging G and G', the pair falls into one of the followmg families, then
there exist torsion-free lattices T < G and I' < G' such that T = TV:
e G = Spin(m,n) and G' = Spin(m’,n’), where m +n =m'+n' > 8 and

mn =m/n’ (mod 4);
e G =SU(m,n) and G' = SU(m/,n’), where m +n=m'+n' > 7 and
mn =m'n"  (mod 2);

e G =Sp(m,n) and G' = Sp(m/,n’), where m +n =m'+n' > 6;
e G =SL(4n,R) and G' = SL(2n,H), where n > 2;
o (G,G') = (Eg(—14): Eo(2)): (Er(—25): E7(7)), or (Eg(—21), Ex(s))-
(2) Assuming the congruence subgroup property for anisotropic groups of type Eg, the addi-
tional pair (Eg—26), Es()) also satisfies (1).
(3) In all other cases, lattices T' < G and TV < G’ have non-isomorphic profinite completions.

Remark 3.16. The Spin, SU or SL, and Sp groups occurring in Theorem 3.15 have absolute
Dynkin types By or Dy, Ap, and Cy, respectively. The noncompact real forms of classical Lie
algebras are summarized in Table 1 in Appendiz A.

Before proving the theorem, we exclude two families using their Brauer classes.
Lemma 3.17. Suppose either
G=Sp(m,n), G =Sp(m+n),R),

or
G = Spin(m, n), G’ = Spin*(m + n),

where in the second case m + n is even and at least 10. Assume that both groups have real rank
at least 2. Then for any lattices T' < G and I < G’,

IR
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Proof. Suppose to the opposite that =B A By Margulis arithmeticity, after replacing I", T
by corresponding finite-index subgroups, we may assume that they are arithmetic subgroups of
simply connected absolutely almost simple groups G/k and G/, respectively, where k and [
are totally real. There are distinguished real places v of k and v’ of [ such that

Gk,) =G, G(ly)=d,

while the groups at all other real places are compact. By Theorem 2.10, the finite places of k
and [ are matched so that the corresponding local fields and algebraic groups are isomorphic.
The adeles isomorphism also implies the degrees [k : Q] = [l : Q].

In the symplectic case, let Gy be the split simply connected group of the corresponding type
Cy. Following [EK24, Proposition 11], the k- and I-forms G and G’ determine classes

o € HY(k,Ad Gy), B e HY(I,Ad Gy).

For F = k or [, the Kummer sequence 1 — po — Gg — Ad Gg — 1 yields a boundary map
§p : HY(F,Ad Go) — H?(F, uz) to Tits classes, which are regarded as Brauer classes via the
Kummer identification H?(F, us) = Br(F)[2]. At corresponding finite places, the localizations of
dk(a) and &;(B) agree by adelic superrigidity. Since k/Q and [/Q are totally real and have the
same degree, they have exactly the same number of nondistinguished real places, where both
groups are the compact real form Sp(d), so the corresponding local classes agree there as well.
The Albert—Brauer—-Hasse—Noether reciprocity law therefore forces

(5]R(Oév) = 5R(6v’) S BI‘(R) = Z/2Z

at the distinguished real place. However, the split form Sp(2d,R) has trivial class in Br(R),
whereas every noncompact quaternionic form Sp(m,n) has the nontrivial class. This is a
contradiction.

For the spin case, following [EK24, Proposition 14|, realize G and G’ by central simple
algebras A/k and A’/l equipped with involutions of the first kind and orthogonal type. At
corresponding finite places, the local isomorphisms of the algebraic groups induce isomorphisms
of the associated Lie algebras. By [Jac79, Chapter X, Theorem 12], an isomorphism between the
Lie algebra of skew elements associated with central simple algebras with involution extends to an
isomorphism of the underlying algebras that identifies the involutions. Hence, at corresponding
finite places, their local Brauer classes agree. The same is true at every nondistinguished real
place, where both groups are compact. Hence, the Albert—Brauer—Hasse—Noether reciprocity
law gives

[A,] = [A}] € Br(R) = Z/2Z

at the distinguished real place. However, for a real orthogonal form Spin(m,n) the underlying
central simple algebra is split, so [A,] = 0, whereas Spin*(2d) corresponds to the quaternionic
algebra M;(H) and therefore has the nontrivial class. This is again a contradiction. U

Proof of Theorem 3.15. The existence statements in (1) are supplied by Proposition 3.6, Propo-
sition 3.13, and Proposition 3.10, which in particular cover the only Fg pair. The conditional Fjg
case is exactly (2).

For (3), suppose that lattices I' < G and IV < G’ satisfy [ = I’. No such pair occurs in types
Fy or Go. Indeed, type G2 has a unique noncompact real form, namely Gy(3). Type F} has two
noncompact real forms, Fy_sp) and Fj4), but the former has real rank 1. Thus neither type
admits two non-isomorphic real forms both of real rank at least 2.

By Proposition 2.13, G and G’ must either both be inner forms or both be outer forms. This
excludes the inner—outer pairs of types Ay, Dy, and Fg. The relevant classical pairs are listed in
Table 1, while the excluded Fg pairs are precisely those with one member in {Eg_26), Fg(6) }
and the other in {Fg_14), Fg(2)}-

Applying restriction of scalars to QQ, Theorem 2.10 and Proposition 2.11 imply that the
dimensions of the associated symmetric spaces are congruent modulo 4. For the classical real
forms, the dimensions used below are recorded in Table 1. This excludes the following remaining
cases:
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e For G = Spin(m,n) and G’ = Spin(m/,n’) with d = m +n = m/ + n’ odd, both groups
have absolute Dynkin type B(4_1)/2. We exclude the case in which one of m,n is 0
(mod 4) and one of m/,n’ is 2 (mod 4), because

dimX =mn=0 (mod 4), dim X’ =m'n’ =2 (mod 4).
e For G = SU(m,n) and G' =2 SU(m/,n’) with d = m +n = m’ + n/, both groups have

absolute Dynkin type Ag_1. We exclude the case in which m,n are both even and m/, n’
are both odd, because

dimX =2mn=0 (mod 4), dim X' =2m'n’ =2 (mod 4).

e For G = SL(2n,R) and G’ = SL(n, H), both groups have absolute Dynkin type Ag,_1.
We exclude the case in which n is odd, because

dimX = (2n—1)(n+ 1), dim X' = (2n+1)(n — 1),

and dim X — dim X’ = 2n =2 (mod 4).
e For the exceptional type E7, we exclude the pairs involving Er7_5) and either F7(_gs) or
E7(7y, since their symmetric-space dimensions are respectively 64, 54, and 70.
After these exclusions, the only remaining pairs are exactly the two families treated in Lemma 3.17:
the pair Sp(m,n) and Sp(2d,R) of type Cy4, and the pair Spin(m,n) and Spin*(d) of type Dg/s.
The constructions for (1), (2) in the preceding subsections along with these exclusions for (3)
exhaust all pairs of real forms. O

4. PROFINITELY ISOMORPHIC LATTICES IN SEMISIMPLE LIE GROUPS

Extending the classical constructions in Section 3, we now allow several noncompact archimedean
factors, including split real and complex factors. The resulting lattices are irreducible in the
ambient products. We also discuss when these constructions can be made explicit. Both the
existence results and the explicit constructions are needed for the proof of Theorem A.

4.1. Constructions in Semisimple Lie Groups. The following theorem establishes the
existence of profinitely isomorphic lattices in pairs of semisimple Lie groups whose factors include
different noncompact spin, unitary, or quaternionic symplectic groups, together with possible
real split factors.

Theorem 4.1. Let r_,r1,r9,rs € Z>o with r1 +ry =7r_ and ro > 1, and let m1,n1, ma,ng > 1
satisfy my +ny = mg +no = d. In each of the following cases, let G and G’ be the displayed Lie
groups and assume that rkg G, kg G' > 2:

(1) The quadratic form has dimension d > 5,
G = Spin(my,n1)"~, G’ = Spin(my,n1)™ x Spin(msz, n2)™,

and one of the following holds:
o 4| (my—mg) ord|(m1—no);
e 2| (my—mg) or2|(mi—mnz), and 2 | ro.
(2) The Hermitian form has dimension d > 3,

G = SU(ml, nl)r* X SL(d, ]R)TS, G = SU(ml, nl)” X S[I(TTLQ,TLQ)T2 X SL(d, R)Ts’

and either 2 | (m1 —mg) or 2| (m1 — na).
(3) The Hermitian form has dimension d > 2, and

G = Sp(mq,n1)"~ x Sp(2d,R)™, G’ = Sp(mq,n1)"™ x Sp(ma,n2)™ x Sp(2d,R)".
Then there exist irreducible torsion-free cocompact arithmetic lattices ' < G and I'" < G’ with
rr.

Remark 4.2. After our first draft, Py and Isenrich pointed us to Aka’s work. In [Akal2,
Theorem 1|, Aka also constructed pairs of simply-connected absolutely almost simple algebraic
groups of the same classical absolute Dynkin type (D(n+1)/2 if nis odd and By, /5 if n is even) in
Spin(1,n) and Spin(5,n — 4) for n > 6. Note that the specific setting in [Akal2] differs from
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ours (from the number field to the ambient groups), and we can’t see how Aka’s construction
applies to deduce a result similar to Theorem A. Also, after our first draft, Holger Kammeyer and
Adrian Baumann pointed us to their recent work [BK26], where they classified “congruence rigid”
algebraic groups. Their result is related to Theorem B but with different techniques. Moreover,
Theorem B with extended results in Section 4 focus on explicit constructions.

The finite-place calculations in Lemma 3.8 apply to the semisimple case with only an additional
2| (m1 — mg) and even rg treatment in the spin case:

Lemma 4.3. Let both v and oo — 1 be algebraic units, such that o is real at every archimedean
place, put k = Q(«), and assume mi > my.
o Suppose that k has r4 real places at which o« > 1, r1 real places at which 0 < o < 1,
and ro real places at which o < 0, thus [k : Q] = r4 + r1 + ro. Suppose that r4 > 1
and that ri,72, m1,n1, M2, n2 and d satisfy the hypotheses of Theorem 4.1(1), with the
divisibility conditions restricted to those involving (mi — mg). In the second alternative
of that theorem, assume in addition that the ideal (2) C Oy is prime. Define

q = (1Ml (o — 1)y, ¢ = (1lmel glmi=mal (o _ 1)lmly,
Let G = Spin(q) and G’ = Spin(¢’) be the associated spin k-groups. Then
kak‘ng,kav
for every finite place v of k.

o Let a € O, and let E = k(+/a) be the corresponding quadratic field extension. Suppose
that there are ry real places with o,(a) > 0; among the other real places where oy(a) < 0,
there are ry places at which a > 1, r1 places at which 0 < a < 1, and ro places at
which o < 0. Assume r4 > 1 and that the remaining parameters satisfy Theorem 4.1(2),
with the divisibility conditions restricted to those involving (m1 — mg). Define the
E/k-Hermitian forms

h=(1ml (o —1n)mlhy g = el glmimmal (o —1)lmly
and let G = SU(h, E/k) and G' = SU(KW, E/k). Then
Gkang/kav
for every finite place v of k.

e Leta,b e (’),:f, and B = (a,b)y be the corresponding quaternion algebra. Suppose that
there are 5 real places at which B splits; among the other real places where B is ramified,
there are ry places at which o > 1, r1 places at which 0 < a < 1, and ry places at

which a < 0. Assume r+ > 1 and that the remaining parameters satisfy Theorem 4.1(3).
Define Hermitian forms with respect to the canonical involution on B by

h= (1™l (q — 1)y, B = (1lmal qlmi=mal (o — 1)lmly
and let G = Sp(h, B/k) and G’ = Sp(h/, B/k). Then
G xp ky = G %y, ky
for every finite place v of k.

Proof. The proof is the same as that of Lemma 3.8: the common (a — 1)-block does not affect
the determinant comparison, and in the spin case, the ratio of the Hasse invariants is

&(d)
€v(q)

In the first alternative of the spin case we deduce that €,(¢’) = €,(q); in the second alternative,
i.e.,, when 2 | (m1 — mg) and 2 | rg, it remains to show that (a, ), = 1 at every finite place. If v
lies above an odd rational prime, then a~! € O,:v is a sum of two squares in k,; equivalently,

— (Oé,(X),gml_mQ)<m1_m2_l)/2<Oé,a _ l)z(Jml—mQ)nl — (a7a>1(}m1—m2)(m1—m2—1)/2.

(a, )y = 1.
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At a real place, (o, ), = —1 precisely when « is negative. There are r9 such places, which is an
even number; thus, the product of the archimedean symbols is 1. Finally, because (2) is prime
in Oy, there is a unique place vy above 2. Hilbert reciprocity therefore gives

(o, )y, = 1.
Thus (o, @), = 1 at every finite place, so €,(q) = €,(¢'), and the k,-isomorphism follows. O

Proposition 4.4. In the setting of Lemma 4.3:

e In the spin case, there are natural homomorphisms
G(k) — Spin(mi,n1)", G/(k) — Spin(my,n1)"™ x Spin(mz, n2)™,

obtained from the diagonal archimedean embedding followed by projection away from
the compact factors. Moreover, there exist irreducible torsion-free cocompact arithmetic
lattices in these two Lie groups whose profinite completions are isomorphic.

e In the unitary settings, there are natural homomorphisms

G (k) —s SU(m1,m1)" x SL(d,R)"™,
G,Uﬁ) — SU(ml,nl)” X SU(mQ, TLQ)TQ X SL(d, R)TS,

and irreducible torsion-free cocompact arithmetic lattices in these two Lie groups whose

profinite completions are isomorphic.
e In the symplectic settings, there are natural homomorphisms

G(k) — Sp(m1,m1)"~ x Sp(2d,R)",
G'(k) — Sp(m1,n1)"™ x Sp(mz,n2)"™ x Sp(2d,R)"*,

and irreducible torsion-free cocompact arithmetic lattices in these two Lie groups whose
profinite completions are isomorphic.

Proof. The groups G and G’ are simply connected and absolutely almost simple. Since r > 1,
the field k is not totally imaginary, and the rank assumptions give archimedean rank at least 2
for both groups. The same congruence subgroup theorems used in the proof of Proposition 3.6
apply. Together with Lemma 4.3, Lemma 3.4 therefore yields torsion-free arithmetic subgroups
with isomorphic profinite completions.

It remains to identify their noncompact archimedean factors. There are potentially archimedean
places where G splits or is complex, and potentially more archimedean places with o(«) < 0:

(1) At a real place v with o,(«) > 1, the forms ¢, ¢’ are positive definite and the corresponding
factor is Spin(d). At a real place with 0 < o,(a) < 1, the factor for both is Spin(mi,n1).
At a real place with o,(a) < 0, the factor for G is still Spin(mq,n1), while which for G’ is
Spin(mag, ny). Hence

G(k ®g R) = Spin(d)™ x Spin(mq,n1)"~,
and
G'(k ®g R) = Spin(d)™ x Spin(mq,n1)™ x Spin(ma, n2)"™.

(2) At a real place with o,(a) > 0, the quadratic algebra E, is split and the factor is SL(d, R).
At a real place with o,(a) < 0, one has E, = C; the factor is SU(d), SU(m1,n1), or SU(ma, n2)
for the corresponding cases similar to (1). Consequently,

G(k ®gR) 2 SU(d)™ x SU(my,n1)"~ x SL(d, R)"™,

and G'(k ®qg R) is isomorphic to a mixed product in a similar way.

(3) At a real place where B splits, Morita equivalence gives the split factor Sp(2d,R). At a real
place where B is ramified, the factor is Sp(d), Sp(m1,n1), or Sp(ms, n2) for the corresponding
cases. Thus

G(k ®gR) = Sp(d)™ x Sp(m,n)"~ x Sp(2d,R)",
and G'(k ®qg R) is isomorphic to a mixed product in a similar way. Since 74 > 1, both groups
have a compact archimedean factor. Corollary 3.5 therefore gives the required irreducible
torsion-free cocompact lattices in the displayed noncompact factors. O
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To complete the proof of Theorem 4.1, it remains to choose the number field with the expected
archimedean behavior:

Proof of Theorem 4.1. Since Spin(ma,ng) = Spin(ng, m2), we may interchange mso and ns and
assume that 4 | (m; — mg) in the first alternative of Theorem 4.1(1), or 2 | (m; — mg) in the
second. Similarly, since SU(ma,n2) = SU(ng, ma), we assume 2 | (m; — mg) in Theorem 4.1(2).
Up to exchanging m; with n; and ms with ng, we assume mi > mo. In all three cases, we fix
an auxiliary integer r4 > 2.

(1) We claim the existence of an algebraic unit « such that o« — 1 € (’)(5( ) and with predicted
numbers of real places in the three intervals. Let

D:747+7"+:7”1+7“2+7"+.

Choose a polynomial g(z) € Z[x] of degree D — 3 with positive leading term denoted by ¢,
r4 — 2 distinct real roots z; > 1, 1 distinct roots 0 < x; < 1, and r9 — 1 distinct negative roots.
Choose an irreducible polynomial f(x) € Fa[x] of degree D, and a monic lift fo(z) € Z[x] with
fo(1) = (1) and fo(0) = (=1)"+*". Set

fn(@) = fo(z) = 2Nz(x — 1)g(z).

Then (2N)~!'fn(z) — —z(z — 1)g() coeflicientwise away from the leading term as N — oo.
For all sufficiently large N, the polynomial fy has ri — 2 roots a; > 1, 1 roots 0 < «; < 1,
ro — 1 negative roots, and additional real roots g, a1 and ax sufficiently close to 0, 1, and with
sufficiently large absolute value, respectively; all roots are distinct. Since fy is monic, the sum
of the roots is 2Nc + O(1) — 00, 50 @ > 0; the product of the roots is (—1)” fx(0) = (—1)2,
and [[(o; — 1) = (=P fxn(1) = (=1)"=, s0 a1 > 1 and o < 0. Hence fy has exactly 7, roots
a; > 1, r1 roots 0 < o < 1, and re negative roots.

The reduction of fy modulo 2 is f, so fx is irreducible over Q. Let a be a root and put
k = Q(a). The embeddings k < C are obtained by sending « to the roots of fy, so k has
precisely the prescribed archimedean sign pattern. Since f is irreducible and separable, (2) is
prime in O. Proposition 4.4, case (1) now gives the required lattices.

(2) We claim the existence of an algebraic unit «, and a € (’)&a), such that o — 1 € O

Q(a)
with predicted numbers of split places and non-split places in the three intervals. If ry = 0, we
construct f = fy same as above, and take a = —1. If r; > 1, we modify the construction by
setting

fn(z) = fo(z) —2Nz(z — 1)(z + 1)g(x),

where the monic lift fy € Z[x] satisfies fo(1) = (=1)™, fo(0) = (=1)"+*" and fo(—1) =
(—1)™+*"=_ and the polynomial g € Z[x] of degree D — 4 with positive leading term has r, — 2
distinct roots x; > 1, r; distinct roots 0 < z; < 1, ro — 1 distinct roots —1 < z; <0, and s — 1
distinct roots z; < —1. As N — oo, a similar Vieta argument guarantees that f = fy has
exactly r4, r1, re, and rg roots in these four intervals. Choosing a = —a — 1, the condition
|f(—=1)| = 1 implies that a is a unit, and the number of roots of f in each interval gives the
prescribed 7, split real places of E = k(y/a), and the r4, 1 and ry ramified places in each cases.
Proposition 4.4, case (2) gives the required lattices.

(3) Choose « with the required sign pattern as above, and takea =b=—-lora=b=—-a—1
corresponding to case (2), so the quaternion algebra B = (a,b); splits at the prescribed r, real
places and is ramified at the prescribed r,, r1 and ry real places. Proposition 4.4, case (3) then
gives the required lattices. O

Remark 4.5. We can allow complex factors Spin(d, C), SU(d,C), and Sp(2d,C) in the three
cases of Theorem 4.1, respectively, by allowing the field Q(«) to have complex places. This is
achieved by including pairs of nonreal conjugate roots in the auziliary polynomial g(z).

In the unitary case, the parity restrictions on the signatures can also be replace by the condition
of 2 | ro. This is achieved by a Hilbert reciprocity argument analogous to the spin case.
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4.2. Explicit Construction of Profinitely Isomorphic Lattices. For certain cases of the
semisimple classical (Theorem 4.1) and exceptional (Proposition 3.10 constructions, there exists
level-3 congruence subgroups I' < G, I' < G’ with the prescribed profinite isomorphism. The
reason is the triviality of the congruence kernels and compatible integral structures at all finite
places.

Lemma 4.6. Let G be a connected, simply connected, absolutely almost simple algebraic group
over a number field k. Assume that G satisfies the congruence subgroup property, and at some
real place v, the Lie group G(k,) is isomorphic to one of the following:

e Spin(m,n) with m+n >5 and m,n > 2.

e SU(m,n) with m+mn >3, or SL(d,R) with d > 3.
Sp(2d,R), d > 2.
e Exceptional real forms Eq_o5), Eq(7), Eg(—24), 0T Egg)-

Then the congruence kernel of every arithmetic lattice I' < G(k) is trivial.

Proof. Since G is assumed to satisfy the CSP, [PR10, Theorem 2] then implies that this
congruence kernel is isomorphic to the Pontrjagin dual of the metaplectic kernel. At the
distinguished real place v, G(k,) is isomorphic to one of the real forms listed above, which is not
topologically simply connected. Therefore, [PR10, Theorem 3] implies that the metaplectic kernel
of G is trivial, and the congruence kernel of G is also trivial. Consequently, the arithmetic and
congruence topologies coincide on G(k), and hence on every arithmetic subgroup of G(k). O

Consider the following pairs of Lie groups G, G":

e G,G are Lie groups in Theorem 4.1, case (1), with myi,ny > 2, either mg,ng > 2
or 11 > 0, and either 4 | (m; —mg) or 2 | (m; — mg) and 2 | ro. This includes the
corresponding case in Proposition 3.6.

e G,G’ are Lie groups in Theorem 4.1, case (2), with 2 | (m; — mg). This includes the
corresponding case in Proposition 3.6.

e GG, G are Lie groups in Theorem 4.1, case (3), with ry > 1.

e (G, @ are Lie groups in Proposition 3.10 corresponding to the Lie algebras E7 or Eg.

Let G and G’ be the algebraic k-groups constructed in the corresponding proofs. For each G,
we choose a faithful k-representation p : G — GLi(W) and a full O-lattice A C W as follows.

e For G = Spin(k,q), take W = CI*(k% ¢) and let p be the representation by left
multiplication. Set

A= Cg+(kd, q) = @ Okeil c o €igg-
0<2s<d
1<) <+ <igs <d

e For G = SU(E/k, h), we take the matrix representation on W = E9, seen as a k-vector
space, and A = OQIE.

e For G = Sp(B/k, h), we take the matrix representation on W = B?, seen as a k-vector
space, and A = (9‘]13, where Op is a fixed maximal Og-order in B.

e For G = G(H;3(C), B), use its realization as the isometry group of the generalized
Freudenthal triple system on Matgeg(B). Take the natural matrix representation on
W = B?8, viewed as a 112-dimensional k-vector space.

e For G = G(H3(C),C), take W = Lie(G) and p = Ad, so that dimy W = 248.

We define

I'={ge€G(k):p(g)A=A, (p(g) —idw)A C 3A},
and define IV < G/(k) similarly. We identify these subgroups with their images in G and G’
under the archimedean projections. In the exceptional cases, the full Op-lattices A C W and
A" C W' are chosen so that, at every finite place v, there exist a k,-isomorphism ¢, : Gy, — G},
and a linear isomorphism f, : W, — W) satisfying

(1) fop(9) = p'(pu(9)) o, fulw = Ay,
Such choices will be constructed in the proof below.
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Lemma 4.7. Under these settings, we have
[ r.=T.
UEVf(k)

Proof. Since the algebraic group G is connected, simply connected, absolutely almost simple and
has at least one noncompact archimedean place, strong approximation implies that the image of
the diagonal embeddings G (k) — G(Ai) is dense [PR, Theorem 7.12]. Moreover, the relations

wn [ Av=A Wn ][] 3A,=3A,
UEVf(k) UEVf(kJ)
together with the level-3 definition of I', imply the identification

I'=Gk)n J[ T
’UEVf(k‘)

The denseness of G(k) thus implies that I" is dense in Hvevf(k) I';, so the congruence completion

II T

veVy (k)

r

By Lemma 4.6, both I" and I” have trivial congruence kernels. Therefore,

r=r= [[ T.
UEVf(k)

I

O

Theorem 4.8. Suppose that the minimal polynomial of a over Q is irreducible modulo 2. Then
I' < G and TV < G’ are irreducible, torsion-free, cocompact arithmetic lattices with isomorphic
profinite completions.

Proof. 1t is clear that level-3 congruence subgroups are torsion-free, and Corollary 3.5 guarantees
the irreducibility and cocompactness.

For the profinitely isomorphism, Lemma 4.7 identifies ' = [loev, ) I'v and I = [loev, ) .
Thus, it suffices to identify an appropriate isomorphism between the adelic groups,

o : G(A]) 3 G'(A]),

that is restricted to an isomorphism between [ ey, ) I'v and [lyev, ) r.
Case (1): Classical groups. For the spin, unitary, and symplectic cases, our construction
assumed my > mo without loss of generality. In the spin case, we claim that at every finite place

v, there exists numbers x, ¥y, 2y, Wy, € O, such that
Tyt yp + 2y +wp = .

Indeed, for a place v above an odd prime, [a] € F, is a sum of two squares, and the Hensel lift
gives a two-square expression for . For v | 2, the irreducibility of the minimal polynomial implies
k,/Q2 is unramified. Therefore, [HH23, Proposition 4.3] guarantees a four-square expression for
Q.

Now, taking the matrix,

Ty —Yp —2p —Wy
xr —w z
Ry = Yo Y Y N € Mat4((’)k7v).
) Wy Ty —Yu
Wy —2y Yu Ty

Then RI Ry = aly. If 4 | (m1 — ms), then for R = diag(Im,, Ry '™ ™% 1..), RTQ'R = Q,
where @@, Q' are the matrices define the quadratic forms ¢, ¢'.

If instead 2 | ro and 2 | (m; — m2), we claim the existence of z,,y, € O, such that
22 +y2 = «, particularly for v | 2. In fact, the Hilbert reciprocity argument in the proof of



22 YUKUN DU, FENG HAO, AND KEJIA ZHU

Lemma 4.3 implies 22 + y2 = « for certain x,,y, € ky. Since k,/Qq is unramified, ve (22 + y2) <
min{2vy(x,), 2v2(yy) } + 1, which forces x,, y, to be integers. Thus, we can take

Ty —Yo
fo = (yv ;jl ) ’

and R = diag(Ip,, Rgl[(ml_mQ)/Q], I,).

In both cases, z + Rz gives a isomorphism f, : (k%,q) = (k%,¢') between quadratic space.
Since zy, ..., w, € Oy, and « is a unit, we have R € GL(d, Ok).

The matrix R further induces the isomorphism between Clifford algebras, ¢, : C1*(k4, q) =
CIt(kd, ¢'), restricted to the algebraic group isomorphism G(k,) = G'(k,). All isomorphisms at
finite places together give ® : G(Aﬁ) = G'(Aﬁ). Since R € GL(d, Of,), the induced Clifford

algebra isomorphism ¢, sends €+ (k?, ¢) to €7 (kZ, ¢'). Consequently, ¢, induces an isomorphism
between the lattices ', and I'}. Therefore, ® gives an isomorphism between the compact open

subgroups,
[Ire =I]1,.
v v
In the unitary case, we claim there exists &,,(y € Op,, = O ®0, O v, such that
NEv/kU(gv) + Ng, /k, (Co) = &y + GGy = @

This follows our two-square expression in (1) for each v 1 2; for v | 2, since a € k is assumed to be
a unit, the existence of zy, Yy, 2, and w, € O, with 22 —ay?+ 22 —aw? = « is again guaranteed
by [HH23, Proposition 4.3]. This implies that &, = z, + yyv/a and ¢, = 2z, + wy/a € Op,
satisfy our claim.

Now, we take the matrix

RO = (gz ;§U> € MatQ(OE,v),

then RERy = aly and det(Ro) = a. Define B = diag(Ln,, Ry ™ ™? I.), then R ¢
GL(d,Ogy), and R*H'R = H, where H, H' are the matrices defining the Hermitian forms h, h'.
This gives the algebraic group isomorphism,
0o : G(ky) = G'(k,), X +— RXR™ %

The remainer of the proof is similar to the spin case.

In the symplectic case, since the reduced norm map Nrd : (’)E’v — O, is surjective, there exists
&, € Op, such that Nrd(€,) = a. Define R = diag(Iin,, &y Iy —mo» Iny ), then R € GL(d, Op,,)
and R*H'R = H. The remainder of the proof is again similar to the spin and unitary cases.

Case (2): Exceptional groups. Recall that we defined in the proof of Proposition 3.10 that

C = (a,b,c)x, C"=(a,b,c ), A= H3(C), A" = H3(C"),

where a,b,¢, € O). Let Q = (a,b)y, and we fix a maximal Og-order Og. For each finite place
v, there exists &, € Og, such that Nrd(&,) = ¢/¢; since ¢, ¢ are units, &, is a unit in Og,.
Denote C = Q @ Q¢ and C' = Q ® Q¢', where (%2 = ¢ and ¢? = ¢/; at each finite place v, define
an isomorphism,

by 1Oy _>C1/n %(fleryf) :$+§vy£-
It is clear that 1, identifies O¢,, with O¢v,, where O¢ == Og ® Ogl and O = Og @ Ogl'.
This induces an isomorphism between the corresponding Albert algebras:

%(A) = Al: ¢U(OA) = OA’a

where O4 = H3(O¢), and O 4 = H3(Oc¢r). Thus isomorphism between the algebraic groups,

v G(Ay) = G(ky) = G/(ky) = G(A).
For the lattices A C W, A’ C W', and the isomorphism f, satisfying (1), we discuss the E7 and
FEs cases separately. In the E; case, realizing

W=koA B, W=kaoA) B,
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then the linear isomorphism f, : W,, — W)/ can be taken as
fo = (idg, ®y) ®@1idp, .
The isomorphism f, is compatible with ¢,, giving the first claim in (1). Define
A= (0r®04) ®0, O, AN =(0r@®0x)®0, O,
then the second claim in (1) is guaranteed.
In the Eg case, realizing the Lie algebras
W = Lie(G(A, C)) = Der(A) @ Der(C) & (Ap @ Co),
and
W' = Lie(G(A',C)) = Der(4’) ® Der(C) & (Aj @k Co),
where Ag and Cp mean the corresponding trace-free subalgebras. The linear isomorphism,

fo=dpy, = (d’v)* ® id@(% ® id),
naturally satisfies the first claim in (1). Take
A= Der((’)A) &b Der((’)C) D (OAO Koy, OCO); A= Der((’)A/) S5 Der(@c) S, (OA6 Koy, OCO),

then the second claim in (1) also holds.
Now, for g € T, (1) gives

p'(pu(9)N = p'(0u(9)) foh = fup(g)A = fuh = N,

and similarly (p'(¢y(g)) — idw+)A’ C 3A’. Converse relations also hold, thus ¢, restricts to an
isomorphism between T, and I",. The product isomorphism & thus restricts to an isomorphism
between [, T, and [, '}, completes our proof. O

5. KAHLERNESS AND PROFINITE RIGIDITY OF ARITHMETIC LATTICES

Based on the results developed in the previous sections, we construct two families of finitely
presented and residually finite groups G1 and Gy so that they have the same profinite completions
G1 GQ, moreover (G1 is a Kéahler group and (G5 is non-Kéhler.

5.1. The Kihler lattice. First of all, we recall the following proposition originally due to
Guichardet and Wigner but reformulated by Wienhard:

Proposition 5.1 ([Wie05, Chapter 3, Proposition 1.2],[GW78]). Let X = G/K be an irreducible
Riemannian symmetric space, where K is a mazximal compact subgroup of a connected semisimple,
with finite center and no compact factors, real Lie group G. Then X is Hermitian if it satisfies
one of the following equivalent properties:

(1) X admits an Isom(X)°-invariant Kahler form;

(2) X carries an Isom(X)°-invariant complex structure;

(3) The center ¢(€) of £ is nontrivial, where € is the Lie algebra of K.

Here Isom(X)® is the identity component of the isometry group of X.

Proposition 5.2. Let I'y be a torsion-free cocompact lattice in [[F_, Spin(n;, 2)" for integers
n; > 3,7, > 1. Then I'y is a Kdhler group.

Proof. For any integer n; > 3, denote by K; a maximal compact subgroup of Spin(n;,2) and
X; = Spin(n;, 2)/K; the irreducible symmetric space of Spin(ni, 2). Identifying

HX” = HSpm ni,2)") HK”

the product Hle Spin(n¢,2)” acts on Hi:l X" properly. Thus, the action of the lattice
Iy < [1%, Spin(n;,2)" on H X" is properly discontinuous. Moreover, for any z € e, X/,
the stabilizer Stab(z) < [T, Spm(nz, 2)™ is compact. The discreteness of I'y then implies that
I’y N Stab(z) is finite; as I'y is torsion-free, this intersection is indeed trivial. Thus, the action of
'y on Hi?:l X is free.
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Next, consider the Cartan decomposition of the Lie algebra g of Spin(n;,2) or SOg(n;, 2)
g=top,
where £ = s0(n;) @ s0(2) is the Lie algebra of K;. Note that the center of ¢ is
c(€) = c(so(n;)) @ c(s0(2)) = s0(2) # 0.

since so(n;) has trivial center for n; > 3 and s0(2) is R. Applying Proposition 5.1, we then have
Spin(n;,2) is of Hermitian type, and X; admits an Isom(X;)°-invariant complex structure J;
and Kéhler form w;. The natural action of Spin(n;, 2) on X; factors through the adjoint quotient

pi : Spin(n;, 2) — PSOT (n;,2) = Isom(X;)°.

Hence the complex structure J; and the Kéhler form w; are Spin(n;, 2)-invariant. The product
of these Kahler structures gives the Kéahler structure on Hle X, which is Hle Spin(n;, 2)"-
invariant. As a lattice, I'y thus also preserves the complex structure and Kéhler form on the
product space.

Since I'; is a cocompact lattice of Hle Spin(n;, 2)", Fl\l_[f’zl X" is a compact Kéahler
manifold. The free and properly discontinuous action of I'y on the simply connected space
15, X7 implies

k
m (D [ X77) =T
i=1
Therefore, I'y is a Kéhler group. O

5.2. The non-Kéihler lattices. In this subsection, we show that any torsion-free cocompact
arithmetic lattice I'y of products of Spin(n, 1) (n > 3) is non-Kahler. We first give some necessary
concepts and tools used in the discussion on the non-K&hlerness of I'y. Recall that a hyperbolic
2-orbifold is a quotient ¥ = A\H2. Here A < PSL(2,R) = Isom(H?)° is discrete and cocompact;

orb

in this case, A = 7™ (). We have the following important theorem due to Delzant-Py.

Theorem 5.3 ([DP12, Theorem 1, Corollary 1]). Let T' = w1 (M) be a Kdhler group corresponding
to a compact Kdahler manifold M. If for some n > 3, a homomorphism p: T' — Isom(H") has
Zariski-dense image, then there exist a hyperbolic 2-orbifold 33, such that p factors through the
map f. : 1 (M) — 79"™P(2) induced by a holomorphic fibration f : M — X.

We also need the following simple lemma on the cohomological dimension for discrete subgroups
of Lie groups (See e.g., [Bro82, Chapter VIII, Section 9.4]).

Lemma 5.4. Let I' be a torsion-free discrete subgroup of a real Lie group G of non-compact
type. Suppose G has finitely many connected components. We have

Cd(F) < dimR )(7

where X is the symmetric space corresponding to G. Moreover, the equality holds if and only if
T is cocompact in G.

Proof. For the maximal compact subgroup K of G, by the Second Manifold Splitting Theorem
[HN12, Theorem 14.3.11], we have X = G/K is diffeomorphic to some R, where m =
dimg G — dimg K. Therefore, X/T" is a Eilenberg-MacLane space K(I',1). Then the lemma
follows from [Bro82, Chapter VIII, Proposition 8.1-(a)], which says that for any d-dimentional
aspherical manifold Y, cd(m(Y')) < d, with equality if and only if Y is closed. O

Theorem 5.5. Let G be a connected semisimple real Lie group with finite center and no compact
factors, with a factor isomorphic to Spin(n,1), n > 4 and is even. Then any torsion-free,
irreducible and cocompact lattice I'o < G is not a Kdhler group.

We make the following observation before the proof of Proposition 5.5. Suppose G =
Spin(n, 1) x H, where the product H of the other factor groups is possibly trivial. For even n,
the natural projection map

SO(n,1) — PO(n, 1) = Isom(H")
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is an isomorphism, since —I,,41 ¢ SO(n, 1). Hence the standard double covering induces
0o : Spin(n,1) — SOq(n, 1) < Isom(H"),

with kernel {£1}. Let 65 be the natural quotient map H — H/Z(H) := H,q, and consider the
product homomorphism 6 := 6 x 0. Since I's is a torsion-free subgroup of Spin(n,1) x H, we
have I's Nker 0 = {1}, i.e.,

9’1’*2: 'y — SOO(TZ, 1) X Hoq

is injective. Since I'y is a cocompact subgroup of Spin(n, 1) x H and 6y : Spin(n, 1) — SOg(n, 1) is
a double cover, one can view I's = 0(I'3) as a torsion-free cocompact subgroup of SOg(n, 1) X Haq.
Since 6 is a quotient by a finite normal subgroup, I's is also irreducible in SOg(n, 1) x Haq. We
require the following lemma.

Lemma 5.6. For the factor map 9 : SOg(n, 1) X Hyg — SOp(n, 1), ¥(T'2) < SOg(n, 1) is Zariski
dense, and the restriction map 9 : 'y — SOg(n, 1) is injective.

Proof. For our first claim, if H is trivial, then 9 is the identity map, and the conclusion comes
from the Borel density theorem [Bor60]. In other cases, the irreducibility of I'y implies the
density of every ¥(I's) under the usual topology, and the Zariski density follows.

For our second claim, the conclusion is instant when H is trivial. In other cases, it suffices to

show that T :=ker(¢) = T2 N ({1} x Haq) is trivial. In fact, consider the map
”5’: I'y — SOg(n, 1) X Had — Had

where the second map is the natural projection onto the H,q factor. The subgroup 0 (T) is
normal in 9'(I'y). Since T is discrete and |7 is injective, ¢/(T') is discrete, hence closed in Hag.
Since Ty is irreducible, (T'9) is dense in H,gq, it follows that 9’ (T') is normal in H,q. By [Kna96,
Proposition 1.93(d)], &(T) is contained in the center of H,q, which is trivial. We deduce that
T = {1} from these facts. U

Proof of Theorem 5.5. Suppose by contradiction that I's is a Kéhler group. Note n is even, so
there is a homomorphism induced from Lemma 5.6:

p: Iy LA SOp(n,1) = SO(n, 1) = Isom(H"),

so that the image of p is Zariski dense since the Zariski closure SOg(n,1) = SO(n, 1). Implied
by Theorem 5.3, p factors through a map 'y — 7$*"(X). The injectivity of p implies that
Iy < 7$™(2), hence cd(Ty) < 2.

On the other hand, as a cocompact torsion-free discrete lattice in SOg(n, 1) x H,q, Lemma
5.4 implies ¢d(T'2) = dimg (H" x (X/Kp)) > n > 4, a contradiction. Hence I'y is not a Kéhler
group. O

Proposition 5.7. I'y and I's are finitely presented and residually finite.

Proof. Since I'1 and 'y are torsion-free cocompact lattices, they are the fundamental groups of
the compact manifolds. Hence, both groups are finitely presented. Being finitely generated linear
groups over a field of characteristic zero, they are residually finite by Mal’cev’s theorem. U

Theorem 5.8. Letn > 2, r1 > 0, and r9 > 1 be integers such that 2r1 + ro > 2 and either
n is odd or ro is even. There exist finitely presented, residually finite, torsion-free cocompact
arithmetic lattices

['; < Spin(2n — 1,2)" "2 Ty < Spin(2n — 1,2)™ x Spin(2n, 1),

with isomorphic profinite completions, IR fg, such that I'y is Kdhler and I'y is non-Kahler. In
addition, if r1 > 1, I't and Iy can be explicitly taken as certain level-3 congruence subgroups of
the corresponding integral spin groups.
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Proof. We first show IR by applying Theorem 4.1-(1). Here we have the signature pairs
(m1,m1) = (2n — 1,2) and (m2,n2) = (1,2n). Note d = 2n+ 1 > 5, and 2r; + ro > 2 implies the
required rank condition. Now if n is odd, then 4 | (2n —1) — 1; if ro is even, then 2 | (2n—1) — 1,
hence the congruence conditions hold. So it follows from Theorem 4.1-(1), there exist torsion-free
cocompact arithmetic lattices I'y < Spin(2n — 1,2)""2, T’y < Spin(2n — 1,2)™ x Spin(2n,1)"
with fl = f‘g. If v > 1, Theorem 4.8 ensure that I';, I's can be taken as certain level-3
congruence subgroups.

Now, directly from Proposition 5.2 and Theorem 5.5, we can see that I'y is Kéhler and I's is
non-Kéhler. Moreover, by Proposition 5.7, I'1, 'y are finitely presented and residually finite. [

We conclude the paper with the following concrete example of lattices,
'y < Spin(3,2)® = Sp(4,R)3, Ty < Spin(3,2) x Spin(4,1)% = Sp(4,R) x Sp(1,1)2.

Example 5.9. Let a be a root of f(z) = x* —4a? +x+1, and put k = Q(c). The properties of f
imply that both o and o — 1 are algebraic units and that k,/Qq is unramified at the unique place
v | 2. Moreover, « lies in (1,00) at one real place, in (0,1) at one real place, and is negative at
the other two. Define

q1 = <1[3},(C¥—1)[2]>, q2 = <1,O¢[2],(Oé—1)[2]>,
and let G; = Spin(k, q;) for i =1,2. The products of their noncompact archimedean factors are
G1 = Spin(3,2)3, Go = Spin(3,2) x Spin(4,1)%.

These forms satisfy the hypotheses of Lemma 4.3 and Proposition 4.4 for the second alternative
of Theorem 4.1(1).

Let T'; < Gy(k) be the level-3 congruence subgroups defined in Subsection 4.2. Moreover,
disc(f) = 1957 is square-free, so O = Zla] in this definition. Identifying these congruence
subgroups with their images under the archimedean projections, we obtain arithmetic lattices

'y < Spin(3,2)3, 'y < Spin(3,2) x Spin(4, 1)2.

Since both G1 and Ga have a factor Spin(3,2), Proposition 4.8 implies that I'y and T’y have
isomorphic profinite completions. All factors of G1 are Spin(3,2), whereas Ga has factors
Spin(4,1). Thus Proposition 5.2 and Theorem 5.5 imply that I'y is Kdhler, whereas 'y is not.

AT Declaration The mathematical ideas and proofs of this paper are from the authors. Al was
only used for typesetting and language clean-up. We take the responsibility for the content.

APPENDIX A. OVERVIEW OF THE NONCOMPACT REAL FORMS OF LIE GROUPS OF DYNKIN
TYPES A;, B, C;, AND D

To demonstrate that Proposition 3.6, Proposition 3.13 and Theorem 3.15 fully characterizes
the profinite rigidity for lattices in real forms of Lie groups of types A;, B;, Cj, and D; of rank
> 2, we summarize the groups in the following table, and provide the relevant information of
them. The classification and the symmetric space dimensions are standard; for the inner and
outer forms of each Lie group, see the description of the classical absolutely simple groups in
[Tit66b]. Note in the Table below, ¢ denotes the absolute rank, that is, the index in the absolute
Dynkin type; it should not be confused with the real rank. For a family parametrized by a
signature (m,n), we write d = m + n.
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Type ‘ Cartan type ‘ Noncompact real form ‘ dim(G/K) ‘ Inner to compact form?
Al SL(I +1,R) Z(H?’ No
A [+1 [—1) l 2)
AT SL< J; ,]HI> t=Di+2) No
| AIIT | SU(m,n), m+n=1+1 | 2mn | Yes
By ‘ BI ‘ Spin(m,n), m+n=20+1 ‘ mn ‘ Yes
5 | CI | Sp(2l,R) 41 Yes
| CII | Sp(m,n), m+n= | 4mn | Yes
Yes if m,n are even,
Dy DI Spin(m,n), m+n=2I mmn No if m,n are odd
| DIr | Spin*(2[) -1 Yes
TABLE 1. Noncompact real forms of the classical simple Lie groups and the
dimensions of their associated symmetric spaces.
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